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Course Information
Title and Course Code: Real Analysis T (MTH621)
Number of Credit Hours: 3 credits

Course Objective: The Real Analysis I is the first course towards the rigorous
(formal) treatment of the fundamental concepts of mathematical analysis. This
course could be considered as the fundamental course in pursue of mathematical
study at undergraduate or master level. Although, the topics of the Real Analysis I
are self contained but someone having knowledge of Calculus (single and multivari-
able) and Differential Equations will be comfortable with the contents of the course.
These subjects could be considered as prerequisite of the Real Analysis I. Learning
Outcomes (for the whole course) Upon completion of this course students will be
able to

e Understand the set theoretic statements, the real and complex number sys-
tems.

e Apply principle of mathematical induction, ordered sets.
e Decide about the convergent or divergent sequences and series.

e Define the limit of a function, prove various theorems about limits, sequences
and functions.

e Check the continuity of real valued functions, prove various theorems about
continuous functions with emphasize on the proofs.

e Understand the derivative of a function, proof of various theorems about dif-
ferentiability of the function (LOG).

e Prove and apply Bolzano-Weierstrass theorem, Mean value theorem.

e Define Riemann integral, Riemann sums, proof of various results about the
Riemann integrals.
Prerequisites: Calculus with Analytical Geometry
The textbooks for this course:

[1] W. Rudin, Principles of Mathematical Analysis, Third Edition, McGraw-Hill,
1976. ISBN: 9780070542358.

[2] W. F. Trench, Introduction to Real Analysis, Pearson Education, 2013.

Reference books:
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[3] A. N. Kolmogorov and S. V. Fomin, Introductory Real Analysis, Revised English
Edition Translated and Edited by R. A. Silverman, Dover Publication, Inc. New
York.

[4] R. G. Bartle and D. R. Sherbert, Introduction to Real Analysis, Third Edition,
2000, John Wiley & Sons Inc.

e The real number system
e Sequences and Series
e Limits, Continuity and Differentiability

e The integration
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CHAPTER 1

The Real Number System

1.1 Basic Set Theory

In this section, we are going to provide some basic terminology required to under-
stand the forthcoming concepts about the real number system.

1.1.1 Universal Set

The understanding that the members of all sets under consideration in any given
context come from a specific collection of elements, called the universal set.

For this chapter of the course our universal set will be the set of real
numbers.

If an element z is in A, we write z € A and say that x is a member of A. If an
element x is not in A, we write x ¢ A and say that x is not a member of A.

How to define a set?
{4,5,6,7}.

1.1.2 Set Builder Notion

If P is a property that is meaningful and unambiguous for elements of a set S, then
we write

{resS: P(x)},

for the set of all elements = in S for which the property P is true.
If every element of a set A also belongs to a set B, we say that A is a subset of
B and write A C B.

Proper subset: We say that A is proper subset of B if there exist at least one
element of B which is not in A.

Equal sets: Two sets are said to be equal if they contain the same number of
elements.
Examples: Consider the set of natural numbers N = {1,2,3,...}.
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e {zeN:22 -3z +2=0}={1,2}.

{r € N:2?—42+2=0}.

The set of even numbers

{2k : k € N}.

The set of odd numbers

{2k —1: k e N}.
Let S and T be sets.

e S contains T, and we write S D T or T' C 5, if every member of T is also in
S. In this case, T is a subset of S.

e S — T is the set of elements that are in S but not in 7.

e S equals T, and we write S = T, if S contains T and 7' contains S; thus,
S =T if and only if S and T have the same members.

Let S and T be sets.

e S strictly contains T if S contains T but T does not contain S; that is, if every
member of T is also in S, but at least one member of S is not in 7.

e The complement of S, denoted by S€, is the set of elements in the universal
set that are not in S.

e The union of S and T', denoted by SUT), is the set of elements in at least one
of Sand T

Let S and T be sets.

e The intersection of S and T, denoted by S N T, is the set of elements in both
Sand T If SNT = () (the empty set), then S and T are disjoint sets

e A set with only one member xg is a singleton set, denoted by {zg}.
Let S and T be sets.

e The intersection of S and T, denoted by S N T, is the set of elements in both
Sand T If SNT =0 (the empty set), then S and T are disjoint sets

e A set with only one member xq is a singleton set, denoted by {zo}.
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§OT

§UT = shaded region

() (b)
§NT=shaded region SnT=0
(©) (d)

Figure 1.1: (a) Subset (b) Union of two sets (¢) Intersection of two sets, (d) Disjoint
sets

e The set of natural numbers

The set of prime numbers

e Fundamental Theorem of arithmetic

Diophantines

A little bit about number theory
The set of natural numbers:

N={1,2,3,..}.

1.2 Number Theory

Number theory is a branch of mathematics that studies the properties of, and the
relationships between, particular types of numbers.

e The set of natural numbers N.

e The prime numbers.
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The primes are the building blocks of the positive integers.
Fundamental Theorem of Arithmetic: Every positive integer can be uniquely
written as the product of primes in nondecreasing order.

How may prime numbers are there? (2500 years ago, Euclid provided the proof)

Many different approaches have been used to determine whether an integer is
prime. For example, in the nineteenth century, Pierre de Fermat showed
that p divides 2”7 — 2 whenever p is prime.
The search for integer solutions of equations is another important part
of number theory.
An equation with the added provision that only integer solutions are sought is called
diophantine, after the ancient Greek mathematician Diophantus.
Example:

a +b" =", n € Z.

The set of nonnegative integers:
7t =10,1,2,3,...}.
The set of nonpositive integers:
7~ ={0,-1,-2,-3,..}.
The set of integers:
7 =1{0,+£1,42,43,...}.
Some properties of the natural numbers:
24+4=4+2

m+3=p+3 then m=np.
44+ 247 =(4+2)+T7.

1.3 Principle of Mathematical Induction

Let P(n)be a mathematical statement, where n € N (or ZT). If

e P(1)is true.
e P(n) is true implies P(n + 1) is true.

Then P(n) is true for all n € N (or ZT).

Examples:
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n(n+1)(2n+1)

o 124224324 4n2= 5 .

o 134234334 . 4pf=ntd)?
e Prove that if (z + 1/x) is an integer then (z" + 1/2™) is also an integer for

any positive integer n.

Theorem: Suppose that m,n,p € Z*. Then

e m+n=n+m, (commutativity)
o (m+n)+p=n+(m+p), (associativity)
e ifm+n=p+n,then m=p (cancelation)

e ifm+n=0then m=n=20

Proof: Proof of first property.

Step I: Define U = {m € Z* : 0+ m = m + 0}.

Step II: Define V={ne€Z":(m+1)+n=(m+n)+1, forallm e Z*}.

Step III: Define W ={n € Z" :m+n=n+m, forallm € Z*}.

m+n+1)=(m-+n)+1 (1.1)

Step I: Define U = {m € Z" : 0 +m = m + 0}. Notice that 0 € U. Suppose
m € U and consider 0+ (m + 1) = (m + 1) and we have (0+m) +1=m+ 1.

Thus m+1€ U, and so U =Z™.
Step II: Define V={n€Z":(m+1)+n=(m+n)+1, forallme Z*}.
0 € V, suppose n € V, then

(m+1)+(n+1) = ((m+1)+n)+1 by (1L.1)
(m+n)+1)+1, since neV
= (m+(mn+1)+1 by (1.1).

Hence we have V = Z*.
Step IIL: Define W = {n € Z* :m+n=n+m, for allm € Z*}.
Using the first step we have 0 € W. Suppose n € W. Then

m+(n+1) = (m+n)+1 by(1.1)
= (n+m)+1, since neWw
= (n+1)+m, from step II.

Hence W = 7.

Theorem: Suppose that m,n,p € Z*. Then
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o m.n =n.m, (commutativity)

e (m.n).p =n.(m.p), (associativity)

o if mm =pmnandn#0,then m=p (cancellation)
e if mn =0, then m =0 orn=0.

e 0.n=0and 1.n =n.

1.3.1 An initial segment

An initial segment I of N is a nonempty subset of N with the property that if n € T
and m < n then m € I.

Example:

e Consider the set

{1,2,3,...,20}.
e Consider the set

{1,2,3,...,n}.
e Consider the set

{2,4,6,8,10}.

Proposition: If [ is an initial segment of N then either I = N or there exists n € N
such that I =1, = {m € N:m <n}.

Proof: It follows immediately from the definition of an initial segment that if m ¢ I
and n > mthenn ¢ I. If I # N, then N\ is non-empty. Let mg be its least element.
Suppose, if possible, that mg = 1. If n € N, then n > 1, so that n ¢ I and I is the
empty set. Thus mg > 1, and so there exists n € N such that mg = n + 1. Then
nel,andsol, CI. Butif p>nthenp>n+1=mp,andsop ¢ I. Thus I C I,,.

Recall a one to one and onto mapping: A mapping (function) f : A — B is
said to be one to one if

fx1) = f(z2) = o1 =10

A mapping (function) f : A — B is said to be onto if for every y € B there
exists at least an x € A such that

fz) =y.
A mapping (function) is said to be bijective if the mapping is one to one and
onto.
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1.4 Finite and Infinite Set

A set A is finite if either A is empty or there exists n € N and a bijective mapping
¢ : I, — A. Thus the finite sequence (ci, ..., ¢,) lists the elements of A, without
repetition.

A set is infinite if it is not finite.
Proposition: If g : I,, — I,, is an one to one (injective) mapping then m < n.
Proof:

e The proof is by induction on m. The result is trivially true if m = 1.

e Suppose that it holds for m, and that f : I,,+1 — I, is injective. Then
m-+1 > 2 so that f([,,+1) contains at least two points, and so n = k+ 1, for
some k € N.

e Let 7 : I, — I, be the mapping that transposes f(m + 1) and n and leaves
the other elements of I,, fixed.

e Then 7o f: I41 — Iy is injective, and 7(f (1)) C Ii.

e By the inductive hypothesis, m <k, andsom+1<k+1=n.

Corollary: If A is a non-empty finite set, there exists a unique n € N for which
there exists a bijection ¢ : I, — A.

Proof: Suppose that ¢: I, =+ A and ¢ : I, — A are bijections.
Then ¢ ' o : I,y — I, is a bijection, and so n’ < n.

Similarly, n < n'.
Remark: The number n is known as cardinality of A and is written as | A |.

Proposition: Suppose that A is a finite set, and that f : A — B is a bijection.
Then B is finite, and | B |=| A |.

Proof: For if C': I|4) — A is a bijection, then the mapping
foC:ly—B

is the bijection.



1.5. Field 9

1.5 Field

A field is a set F, together with two laws of composition, addition (+) and multi-
plication (.) such that for all a, b, c € F' the following properties holds

e a+b=">0+aand ab= ba (commutative laws).
e (a+b)+c=a+ (b+c)and (ab)c = a(bc) (associative laws).
e a(b+ c) = ab+ ac (distributive law).

There are distinct members 0 and 1 such that a +0 = a and al = a for all a.

For each a € F there is an element —a € F such that a + (—a) = 0, and if
a # 0, there is an element 1/a such that a(1/a) = 1.

Remark: The left distributive law also holds.
Examples:

e Let zo = {0,1} such that
0+0=1+1=0;0+1=1+0=1

and
00=01=10=0,1.1 =1.

o Is the set of integers a field?

1.6 Dedekind Infinite Set

Dedekind defined a set A to be infinite if there is an injective map j : A — A which
is not onto (surjective); such sets are now called Dedekind infinite.

Example: Show that N is Dedekind infinite.
The mapping f : N — N defined by f(n) = 2n is injective, and is not surjective.

Corollary: The set of natural numbers N is infinite set.

Countable sets: A set A is countable if it is finite or if there is a bijection ¢ : N — A;
otherwise it is uncountable.
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Remark: A set is countable if it is empty or if there is a bijection from an initial
segment of N onto A. The function c¢ is called an enumeration of A. A set is
countably infinite if it is infinite and countable.

Thus A is countably infinite if and only if the elements of A can be listed, or
enumerated, as an infinite sequence (cy, ca, ...), without repetition.

If A is countable (countably infinite) and j : A — B is a bijection, then B is
countable (countably infinite). Not every set is countable. It was Cantor who first
showed, in 1873, that there are different sizes of infinite set, showing that the set of
real numbers is uncountable.

Proposition: Let A be a non-empty set. Then the following are equivalent.
(a) A is countable.
(b) There exists a surjection f: N — A.

(¢) There exists an injection g : A — N.

Theorem: The set N x N is countable.
Proof: Define the mapping f: N x N — N by

f(k,1) = 2%2L.

Use above proposition to prove that N x N is countable.

1.7 The Set of Rational Numbers

Construction of set of rational numbers: Let Z* = Z\{0} be the set of nonzero
integers. Define a relation on Z x Z* by setting (p, q) ~ (r, s) if ps = qr.

Proposition: The relation (p,q) ~ (7, s) is an equivalence relation on Z x Z*.
Proof:
Transitive: Suppose (p,q) ~ (r,s) and (r, s) ~ (t,u), we need to show that (p,q) ~
(t,u). Consider

pusr = (ps)(ru) = (qr)(ts) = gtsr

Q is abelian group under addition: We define addition on Q by

p, r_pstqr

q s qs
We define the multiplication as (é’) (”) =

Proposition: Let Q* = Q/{0/1}. Then, (Q*,.) and (Q*,+) are abelian group.
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The set of rational numbers is defined as
Q:{m : myn € Z,n # 0}.
n

Example: Find solution of the equation p = v/2 in the set of rational numbers
if possible.

Solution: See Lecture.
Example: Let A = {p € Q: p? < 2}. We will show that for every p € A, we
can find a rational number ¢ such that p < q.

To do this, we associate with each rational p > 0 the number

-2 2p+2

=p— = . 1.2
a=r p+2 p+2 (1.2)
Then (2 )
2(pr—2
2
—_9o = =/ 1.3
I (p+2)? (13)

e If pisin A then p?> — 2 < 0, (1.2) shows that ¢ > p and (1.3) shows that
¢*> < 2. Thus ¢ is in A.

Let B={p € Q: p?*>2}. We will show that for every p € B, we can find a
rational number g such that g < p.

e If pis in B then p? — 2 > 0, (1.2) shows that 0 < ¢ < p and (1.3) shows that
¢*> > 2. Thus ¢ is in B.

1.8 Ordered Set

Let S be a set. An order on S is a relation , denoted by <, with the following
properties

e For each pair a,b € S, exactly one of the following is true:
a=b, a<b, or b<a.

o If a,b,c € S such that If a < b and b < ¢, then a < ¢. (The relation < is
transitive.)

e If a < b, then a4+ ¢ < b+ c for any ¢, and if 0 < ¢, then ac < be.

Example: The set of rational numbers Q is an order set, if 7 < s is defined to
means that s — r is a positive rational number.

An ordered set is a set S in which an order is defined.

The notation z < y indicates that * < y or z = y, without specifying which one
of these two is hold.

What is the negation of z > y?
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1.8.1 Partial Order

: A partial order is a relation R on a set S such that for all a,b,c € S, we have the
following

e aRa (Reflexivity).
e If aRb and bRa implies a = b (Anti Symmetric).

o If aRb, bRc then aRc (Transitve).

1.9 Lower Bound

Suppose the set S is an ordered set, and E C S. If there exists a b such that x > b
whenever x € E. We say that E is bounded below. In this case, b is a lower bound

of E.
If b is a lower bound of E, then so is any smaller number.

1.9.1 Infimum

If a is a lower bound of E, but no number greater than « is a lower bound of E,
then « is an infimum of £, and we write

a=Iinf F.

Example: Recall the set A= {p€ Q: p? > 2}.

1.10 Upper Bound

Suppose the set S is an ordered set, and £ C S. If there exists a b such that x <b

whenever z € E. We say that E is bounded above In this case, b is an upper bound
of .
If b is an upper bound of F, then so is any larger number

1.10.1 Supremum

If 8 is an upper bound of E, but no number less than 5 is an upper bound of E,
then  is a supremum of F, and we write

B =supFE.

Example: Recall the set A= {p€ Q: p? <2}.
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Example: If S is the set of negative numbers, then any nonnegative number is an
upper bound of S, and sup S = 0.

Example: If S; is the set of negative integers, then any number a such that a > —1
is an upper bound of S1, and sup S; = —1.

Remark: The supremum or infimum of a set may or may not belong to that set.
Example: Consider the set
E={pecQ :p<0}.

What are the upper bounds?
What is the supremum of this set?
Is it belong to the set?

Example: Consider the set
Ey={peQ :p<0}.

What are the upper bounds?
What is the supremum of this set?
Is it belong to the set?

Example: Consider the set

Ey={1/n :n e N}

1.11 Least Upper Bound Property

An ordered set S is said to have the least-upper-bound property if the following is
true:

If £ C S, F is not empty, and F is bounded above, then sup F exists in S.
Recall the set A={pec Q: p*>2}.

Recall the set B={pe€ Q: p? < 2}.

Consider the set
Ey,={1/n :n €N}

Theorem: Suppose S is an ordered set with the least-upper-bound property, B C .5,
B is not empty, and B is bounded below. Let L be the set of all lower bounds of
B. Then

a=suplL
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exists in S, and a = inf B. In particular inf B exists in S.

Proof: L is not empty set.
L is bounded above.
S satisfy least-upper-bound property therefore L has a supremum in S; call it

If v < a then 7 is not an upper bound of L, hence v ¢ B. It follows that a < x
for every x € B.

Thus a € L.

If @ < 8 then 8 ¢ L, since a is an upper bound of L.

We have shown that a € L but 8 ¢ L if 8 > a.

In other words, a is a lower bound of B, but f is not if 8 > a.

This means that a = inf B.

Theorem: There exists an ordered field R which has the least-upper-bound prop-
erty

Moreover, R contains Q as a subfield.

1.12 The Completeness Axiom
If a nonempty set of real numbers is bounded above, then it has a supremum.

The above property is called completeness, and we say that the real number
system is a complete ordered field.

Theorem: If a nonempty set S of real numbers is bounded above, then sup S is the
unique real number 8 such that

e x < fforall zin S;

e if ¢ > 0 (no matter how small), there is an zp in S such that zo > § —e.

Proof: We first show that § = sup S has first and second properties. Since 5 is an
upper bound of S, it must satisfy the first property. Since any real number a less
than 8 can be written as  — e with e = § —a > 0, second property is just another
way of saying that no number less than S is an upper bound of S. Hence, 8 = sup S
satisfies first and second properties.

Now we show that there cannot be more than one real number with first and
second properties. Suppose that 81 < 2 and (2 has the second property ; thus, if
€ > 0, there is an ¢ in S such that xg > 2 — €. Then, by taking ¢ = f2 — f1, we
see that there is an x¢ in S such that

xo > P2 — (B2 — p1) = B,

so B1 cannot have the first property. Therefore, there cannot be more than one real
number that satisfies both parts.
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1.13 The Archimedean Property of R
Theorem: If p and € are positive, then ne > p for some integer n.

Proof: The proof is by contradiction. If the statement is false, p is an upper bound
of the set
S ={x=mne nelZ}

Therefore, S has a supremum 5 (Why?), by definition of least upper bound property
of real numbers.
Therefore,
ne < B for all integers n. (1.4)

Since n + 1 is an integer whenever n is, (1.4) implies that
(n+1)e<p

and therefore
ne<f—e

for all integers n.

1.14 Dense Set in R

A set D is said to be dense in the set of real numbers if every open interval (a,b)
contains a member of D.

Theorem: The rational numbers are dense in R, that is, if @ and b are real numbers
with a < b, there is a rational number p/q such that a < p/q < b.

Recall the The Archimedean property

Theorem: If p and ¢ are positive, then ne > p for some integer n.
Proof of the theorem: The Archimedean property with p = 1 and € = b — a,
there is a positive integer ¢ such that ¢(b —a) > 1.

There is also an integer j such that 7 > qa. This is obvious if a < 0, and it
follows from Archimedean property with e =1 and p = qa if a > 0.

Let p be the smallest integer such that p > ga. Then p — 1 < ga, so
qa < p < qa+ 1.
Since 1 < ¢(b — a), this implies that
ga <p<qa+q(b—a)=qgb,

80 qa < p < gb. Therefore, a < p/q < b.
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1.15 The Set of Rational Numbers is not Complete

The rational number system is not complete; that is, a set of rational numbers may
be bounded above (by rational numbers), but not have a rational upper bound less
than any other rational upper bound, that is, that set does not have a rational
supremum.

Recall: Theorem: If a nonempty set .S of real numbers is bounded above, then
sup S is the unique real number 8 such that

e x < fforall zin S;
e if ¢ > 0 (no matter how small), there is an z in S such that g > 8 —¢.

Comnsider the set
A={peQ: p*<2}.

If p€ A, then p < V2.

Then using the fact that there is a rational number between every two real numbers
implies that if € > 0 there is a rational number r¢ such that V2—e< rg < \/5, SO
using above Theorem implies that /2 = sup A. However, v/2 is irrational; that is,
it cannot be written as the ratio of integers.

Therefore, if 71 is any rational upper bound of A, then v/2 < r;. Since there is
a rational number between every two real numbers, there is a rational number 79
such that v/2 < r9 < 7. Since ro is also a rational upper bound of A, this shows
that A has no rational supremum.

ExampleProduct of a rational and irrational number is irrational.
Solution: See lecture.

Example: Sum of a rational and an irrational number is irrational.
Proof: See lecture.

Theorem: The set of irrational numbers is dense in the reals; that is, if a and b
are real numbers with a < b, there is an irrational number ¢ such that a <t < b.

Proof: Since between every two real numbers there is a rational number, therefore
there are rational numbers r1 and r2 such that

a<ry <ry<b. (1.5)

Let

=4 )
=7 o —T1).
1 \/§ 2 1

Then t is irrational (why?) and 1 <t <y, 80 a <t <b, from (1.5).
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1.16 Applications of Properties of Field

Proposition: The axioms of addition imply the following

(a) If x +y = x + z then y = z (Cancellation law).

(b) If z +y = = then y = 0 (Uniqueness of the additive identity).

(¢c) If z +y = 0 then y = —x (Uniqueness of the additive inverse).
)

(d) =(=2) ==

Proof: If x + y = x + 2, then from the axioms of field we have
y=0+y = (—z+2)+y=—c+(z+y)
= o+ (z+2)=(—2x+2)+2=0+2=1=2.

This proves (a).

e Take z =0 in (a) to obtain (b).

e Take z = —z in (a) to obtain (c).

e Since —z + x =0, (c) with —zin place of x gives (d).
Proposition: The axioms of multiplication imply the following
(a) If x # 0 and zy = xz then y = z (Cancellation law).
(b) If x # 0 and xy = x then y = 1 (Uniqueness of the multiplicative identity).
(¢c) If x # 0 and zy = 1 then y = 1/z (Uniqueness of the additive inverse).
(d) If z # 0 then 1/(1/z) = =.

Proposition: The field axioms imply the following statements for any z,y, z €

F

(a) 0z = 0.

(b) If  # 0 and y # 0 then zy % 0.
(c) (—)y = —(wy) = 2(~y).

(d) (~)(~y) = av.

The manipulative properties of the real numbers, such as the relations

(a+b)? = a®+2ab+ b
(3a+2b)(4c+2d) = 12ac+ 6ad + 8bc + 4bd,
(~a) = (-Da, a(=b)=(~a)b=—ab,

ad + be

C

Il IS



1.16. Applications of Properties of Field 18

all follow from the axioms of field.
Theorem: For every real x > 0 and every integer n > 0 there is one and only one
positive real y such that y™ = .

Proof: The uniqueness is clear, since if there are two positive numbers y; and yo
then
O<yi<y2 = y <3

Let E be the set containing of all positive real numbers ¢ such that t" < x.
The set E is not empty, asif t =z/(x + 1) then 0 <t <1 and t" <t < x.

Ift > 1+ 2 then t" >t > x, so that t ¢ E. Thus ¢t € E is an upper bound of E.
Then by least upper bound property there exists y € R such that

y=supFE.

We need to prove that y™ = x we will show that each of the inequalities y" < x and
y"™ > x leads to a contradiction.
Recall the identity 6" —a™ = (b—a)(b" 1 +b"2a+ ...+ a"!) yields the identity

V' —a" = (b—a)nb™ 1,

when 0 < a < b.
Assume y"™ < x, choose h so that 0 < h < 1 and

n

r—y

he ———9
n(y + 1)n~1

Put a =y, b=y + h. Then
(y+h)"—y" <hn(y+h)" P <hn(y+1)" ! <z —y"

Thus (y + h)" < x, and y + h € E, which is contradiction to the fact that y is an
upper bound of E.

Assume y™ > x, put
p=Y

nyn 1°

Then 0 < k < y. If t > y — k, we conclude that
Yyt =t <yt — (y— k)" < kny" ' =y" —z.

Thus t" > x, and t ¢ E. It follows that y — k is an upper bound of E. But
y — k < y, which contradicts the fact that y is the least upper bound of E.

Theorem: If ¢ and b are any two real numbers, then

la+8] < Jal + o] (1.6)

Proof: There are four possibilities:
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a) If a>0and b >0, thena+b>0,s0 |a+b=a+b=|a|l+ |b].

b) If a <0 and b <0, then a+b <0, s0 |a+ bl =—a+ (—b) = |a| + |b].

(a)
(b)
)
)

(c) Ifa>0and b <0, then a+ b= |a|] — |b].
(d) If a < 0and b >0, then a+ b= —l|a| + |b].

Eq. 1.6 holds in cases (c) and (d), since

—|b] ifal > |b
|Hb,:{m bl if Jal = wn
ol —lal if [b] > al.

Corollary: If a and b are any two real numbers, then

la — b > ||a] — |b]|, and la+ b > |la] — [b]]. (1.8)

Proof: Replacing a by a — b in (1.6) yields
la] <la—bl+ b = la—0bl=lal—1b].
Interchanging a and b here yields
b—al = [b] —|al,

which is equivalent to
la — b > |b] — |al, (1.9)

since |b — a| = |a — b|. Since
la| —[b] if a| > 0],
|lal = Jb]| = .
[b] —[al if |b] > |al.

(7?) and (1.9) imply (1.8). Replacing b by —b in (1.8) yields (??), since | — b| = [b].

1.17 The Extended Real Number System

A nonempty set S of real numbers is unbounded above if it has no upper bound, or
unbounded below if it has no lower bound.

It is convenient to adjoin to the real number system two fictitious points, +o0o
(which we usually write more simply as co) and —oo, and to

Define the order relationships between them and any real number = by

—00 < x < 00. (1.10)

We call co and —oo points at infinity.
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If S is a nonempty set of reals, we write
sup S = oo (1.11)

to indicate that S is unbounded above, and
inf § = —o0 (1.12)

to indicate that S is unbounded below.

If S={z: z<2}

then sup S = 2 and inf S = —oc0.
It S={x:xz>-2}

then sup S = oo and inf § = —2.

If S is the set of all integers, then sup S = co and inf S = —cc.

A member of the extended reals differing from —oo and oo is finite; that is, an
ordinary real number is finite. However, the word “finite” in “finite real number”
is redundant and used only for emphasis, since we would never refer to oo or —oo
as real numbers. The real number system with oo and —oco adjoined is called the
extended real number system, or simply the extended reals.

We must defined arithmetic operations with £00. A member of the extended
reals differing from —oo and oo is finite; that is, an ordinary real number is finite.
However, the word “finite” in “finite real number” is redundant and used only for
emphasis, since we would never refer to oo or —oo as real numbers.

The arithmetic relationships among oo, —oo, and the real numbers are defined
as follows.

e If a is any real number, then

a+o00 = o0+a= o0,
a—00 = —00+a=—00,
a a
— = — =0.
o0 —00
e If a > 0, then
aoo = 00a = 00,
a(—o00) = (—00)a=—o0.
e If a <0, then
aco = 00a = —00,

a(—0) = (—o0)a = oc.
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We also define

00 + 00 = 0000 = (—00)(—00) = 00

and
—00 — 00 = 00(—00) = (—00)oo = —o0.

Finally, we define
|oo| = | = oof = o0,

It is not useful to define co — 00, 0 - 0o, 00/00, and 0/0. They are called inde-
terminate forms, and left undefined.

1.18 Principle of Mathematical Induction

The rigorous construction of the real number system starts with a set N of undefined
elements called natural numbers, with the following properties. The set of natural
number N satisfy the following;:

e N is nonempty.

e Associated with each natural number n there is a unique natural number n’
called the successor of n.

e There is a natural number 7 that is not the successor of any natural number.
The set of natural number N satisfy the following:

e Distinct natural numbers have distinct successors; that is, if n # m, then
n' #m'.

e The only subset of N that contains n and the successors of all its elements is
N itself.

Theorem: Let Py, P»,..., P,, ... be propositions, one for each positive integer,
such that

e P is true;
e for each positive integer n, P, implies P,41.

Then P, is true for each positive integer n.

Proof: Let
M = {n € N and P, is true}.

From first axiom of Peano’s, 1 € M, and from second axiom, n + 1 € M whenever
n € M.
Therefore, Ml = N, by fourth axiom.



1.18. Principle of Mathematical Induction 22

Example: Let P, be the proposition that

n(n—i—l).

L+24 - dn=——

Solution: Then P; is the proposition that 1 = 1, which is certainly true.

If P, is true, then adding n + 1 to both sides of the equation yields

(1424 4n)+(n+1) = ”(”2“)+(n+1)
= (m+1)(5+1)
 (n+1)(n+2) (n+1)(n+2)
N 2 N 2 ’

Example: For each nonnegative integer n, let x,, be a real number and suppose
that
|Tn41 — @p| < 7lEy —2na|, n2>1,

where 7 is a fixed positive number.
Show that
‘xn - xn—l| < Tn_1|931 - $0| if n>1.

Solution: For n =1, 2, and 3, we find that

w2 — 21| < rlwy — 2ol
w3 — @2| < rlwg — @] < rPlwy — @),
<

|zg — x3] rlrs — xo| < r3zy — o).

e It is important to verify Py, since P, may imply FP,4+; even if some or all of
the propositions Py, P, ..., P,, ... are false.

e Let P, be the proposition that 2n —1 is divisible by 2. If P, is true then P,
is also, since
n+1=02n—-1)+2.

However, we cannot conclude that P, is true for n > 1. In fact, P, is false for
every n.
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1.18.1 Principle of Mathematical Induction For 7Z

Theorem: Let ng be any integer (positive, negative, or zero).
Let Py, Pyy+1, ---, Pn, ... be propositions, one for each integer n > ng, such
that

o P, is true;
e for each integer n > ng, P, implies P, 11.

Then P, is true for every integer n > ny.

Proof: For m > 1, let @),, be the proposition defined by @, = Pp4ne—1. Then
Q1 = P, is true by first part.

If m > 1 and Qn = Prnine—1 is true, then Qi1 = Pryn, is true by second
part with n replaced by m + ng — 1.

Therefore, @y, is true for all m > 1 by Mathematical induction Theorem with
P replaced by @ and n replaced by m. This is equivalent to the statement that P,
is true for all n > nyg.

Example: Prove the proposition P, given by

3n+16 > 0, n > —5s.

Example: Let P, be the proposition that

n! —3" >0, n>"T.
If P, is true, then
(n+1)!=3""1 = nl(n+1) -3+
> 3"(n+1)—3"" (by the induction assumption)
= 3"(n—2).

Therefore, P, implies P,y; if n > 2. By trial and error, ng = 7 is the smallest
integer such that P, is true; hence, P, is true for n > 7, by Theorem ?7.

Theorem: Let ng be any integer (positive, negative, or zero). Let Py, Ppo+1,-- -,
P, ... be propositions, one for each integer n > ng, such that

o P, is true;

o for n > ng, Py41 is true if Py, Ppo+1,. .., Py are all true.
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Then P, is true for n > nyg.

Example: Let S ={z ¢ R : 0 <z <1}, T ={z € (0,1) : = is rational},
and U = {z € (0,1) : z is irrational}. Then S D T and S D U, and the inclusion is
strict in both cases. The unions of pairs of these sets are

SuT =S5 SuU=5 and TUuU-=S§,
and their intersections are

SNT=T, SNU=U, and TNU=0.

1.19 Generalization of Union and Intersection

: If F is an arbitrary collection of sets, then U{S : S € F} is the set of all elements
that are members of at least one of the sets in F, and N{S : S € F} is the set of all
elements that are members of every set in F.

The union and intersection of finitely many sets Si, ..., S, are also written as

The union and intersection of an infinite sequence {S};2, of sets are written
as Upe; Sk and ey Sk-

Example: If F is the collection of sets
S,={z:p<z <1+ p},
where 0 < p < 1/2, then

U{S,: S, e Fy={z:0<2<3/2}

m{Sp:Spe]:}z{x:l/2<$§l}.

Example: If, for each positive integer k, the set Sy is the set of real numbers that
can be written as © = m/k for some integer m,
then (Jy—; Sk is the set of rational numbers and (- Sk is the set of integers.
If @ and b are in the extended reals and a < b, then the open interval (a,b) is
defined by
(a,b) ={x:a <z <b}.

The open intervals (a,00) and (—o0,b) are semi-infinite if a and b are finite, and
(—00,0) is the entire real line.

e-neighborhood: If xg is a real number and € > 0, then the open interval (z¢ —
g,x0 + €) is an e-neighborhood of xg. If a set S contains an e-neighborhood of z,
then S is a neighborhood of xg, and xg is an interior point of S.

The set of interior points of S is the interior of S, denoted by S°. If every point
of S is an interior point (that is, SY = S), then S is open.
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A set S is closed if S¢ is open.

Example: An open interval (a,b) is an open set, because if g € (a,b) and € <
min{zy — a,b — o}, then

(xo —e,x0+¢€) C (a,b).

The entire line R = (—00, 00) is open, and therefore () = R¢ is closed. However, ()
is also open. for to deny this is to say that () contains a point that is not an interior
point, which is absurd because () contains no points. Since () is open, R(= () is
closed. Thus, R and () are both open and closed. They are the only subsets of R
with this property

A deleted neighborhood of a point xg is a set that contains every point of some
neighborhood of zg except for xg itself.

For example,
S={x:0<|z—x| <&}

is a deleted neighborhood of xg. We also say that it is a deleted €-neighborhood of
xXQ.

Theorem: The following statements are true for arbitrary collections, finite or
infinite, of open and closed sets.

e The union of open sets is open.

e The intersection of closed sets is closed.

Proof: Let G be a collection of open sets and
S=U{G: G eg}.

If zg € S, then x¢9 € Gy for some Gg in G, and since Gy is open, it contains
some e-neighborhood of xg. Since Gg C S5, this e-neighborhood is in .S, which is
consequently a neighborhood of xg. Thus, S is a neighborhood of each of its points,
and therefore open, by definition.

Let F be a collection of closed sets and T'=N{F : F' € F}.

Then T¢ = UF°: F € F and, since each F° is open, T° is open, from the first
part. Therefore, T is closed, by definition.

Examples: If —co < a < b < 00, the set
[a,b] ={z € R:a <z <}

is closed, since its complement is the union of the open sets (—oo, a) and (b, 00). We
say that [a,b] is a closed interval.
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Examples: The set
[a,b) ={z € R:a <z <b}

is a half-closed or half-open interval
If —oo<a<b<oo, asis

(a,b] ={zr € R:a <z < b}
however, neither of these sets is open or closed. (Why not?)

Examples: Semi-infinite closed intervals are sets of the form
[a,00) ={zx eR:a <z}

(—o0,a] ={r e R:z <a},

where a is finite. They are closed sets, since their complements are the open intervals
(—00,a) and (a,c0), respectively.
Let S be a subset of R. Then

e 1 is a limit point of S if every deleted neighborhood of xg contains a point
of S.

e 1 is a boundary point of S if every neighborhood of zy contains at least one
point in S and one not in S. The set of boundary points of S is the boundary
of S, denoted by 8S. The closure of S, denoted by S, is S = S U IS.

Let S be a subset of R. Then

e 10 is an isolated point of S if xy € S and there is a neighborhood of zy that
contains no other point of S.

Let S be a subset of R. Then

e xq is exterior to S if zg is in the interior of S¢. The collection of such points
is the exterior of S.

Let S = (—o0,—1] U (1,2) U {3}. Then

e The set of limit points of S is (—oo, —1] U [1,2].

e 0S=1{-1,1,2,3} and S = (—o0, —1] U [1,2] U {3}.
Let S = (—o0,—1] U (1,2) U {3}. Then

e 3 is the only isolated point of S.

e The exterior of S'is (—1,1) U (2,3) U (3,00).
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For n > 1, let

I, = [2711_‘_1, 21?%] and S = nLJIIn.
Then
e The set of limit points of S is S U {0}.
e 0S=x:2=00rxz=1/n(n>2)and S=SU{0}.

e S has no isolated points.

e The exterior of S is

> 1 1
(=0, 0)U LL:Jl <2n+2’ 2n—|—1>

1.20 Open Coverings

(1)

A collection H of open sets is an open covering of a set S if every point in S is
contained in a set H belonging to H; that is, if

SCU{HeH:HeH}

Example: The set
Sl = [Oa 1]7

is covered by the family of open intervals

1 1
Hl = {($—N,IB+N)

(N = positive integer),

O<x<1},

Example: The set

So=A{1,2,...,n,...},
is covered by the family of open intervals

1 1
H2:{<n—4,n+4) n:1,2,...}.

1 1
53:{1, ...,n,...}, and Sy =(0,1)

27
n:1,2,...},

Example: The sets

are covered by the families of open intervals

1 1

and
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Hi = {(0.p)]0<p<1},
respectively.

Theorem: If H is an open covering of a closed and bounded subset S of the
real numbers then S has an open covering H consisting of finitely many open sets
belonging to H.

Compact set: A closed and bounded set of real numbers is called compact.

The Heine-Borel theorem says that any open covering of a compact set S contains
a finite collection that also covers S.

This theorem and its converse show that we could just as well define a set S of
reals to be compact if it has the Heine-Borel property; that is, if every open covering
of S contains a finite subcovering.

The same is true of R™. This definition generalizes to more abstract spaces (called
topological spaces) for which the concept of boundedness need not be defined.

Example: The set
Sl = [07 1]7

is covered by the family of open intervals

1 1
Hl = {<33—N,x+N>

(N = positive integer),

O<x<1},

The 2N intervals from #; centered at the points z = k/2N (0 < k < 2N —1)
cover Si.
Example: The set

1 1
;93:{1,2,...,n,...}, and 54:(0,1)

are not compact sets.
Theorem: A set S is closed if and only if no point of S€ is a limit point of S.
Corollary: A set S is closed if and only if S contains all of its limit points.

Remark: Hence, a set with no limit points is closed according to the corollary, in
agreement with Theorem. For example, any finite set is closed. More generally, S
is closed if there is a 6 > 0 such |z — y| > § for every pair {z,y} of distinct points
in S.



CHAPTER 2

Sequences and Series

2.1 Sequences

An infinite sequence (more briefly, a sequence) of real numbers is a real-valued
function defined on a set of integers n : n > k. We call the values of the function
the terms of the sequence.

We denote a sequence by listing its terms in order; thus,

{sn}%° = {sk, Sk+1,--- }-

Examples: Consider the following sequences

R R S O 1
n2+1f, 1725 2yl

{1} = {1,-1,1,....,(-D)",...},

L _ [ 1
S SRR U Rt S

The real number s, is the nth term of the sequence.
Examples: Usually we are interested only in the terms of a sequence and the order
in which they appear, but not in the particular value of k£ in (??). Therefore, we

regard the sequences The sequences are
1 o 1%
sl = o)
n—2J, nj,
identical.

In the absence of any indication to the contrary, we take kK = 0 unless s, is given
by a rule that is invalid for some nonnegative integer, in which case k is understood
to be the smallest positive integer such that s, is defined for all n > k. For example,
if

v
(n—=1)(n—5)’

Sp —

then k£ = 6.
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2.1.1 Convergent Sequence

A sequence {s,} converges to a limit L if for every € > 0 there is an integer N such
that
|sp, — Ll <e if n>N.

In this case we say that {s,} is convergent and write

lim s, = L.
n—oo

¥
r y=L+e
I .
. = ¢ ¥=L-¢ | From this point on, the terms
. * in the sequence are all within
* . € units of L.
. .
n
T N 1 -
1 2 3 4 i

Figure 2.1: Convergence of the sequence

A sequence that does not converge diverges, or is divergent

Example: If s, = ¢ for n > k, then |s, — c¢| = 0 for n > k, and lim,_,~ s, = c.

2n+1
S =
n n+1 )

2n +1 2n+2‘

Example: If

then lim,,—, o s, = 2, since

n—+1 n+1
1 .
n+1’

lsn =2 =

Theorem: The limit of a convergent sequence is unique.
Proof: Suppose that

. . /
lim s, =s and lim s, =s".
n—oo n—oo

We must show that s = s’. Let € > 0. From definition, there are integers N7 and
Ny such that
lsp, —s| <e if n>N;

(because limy,_,~ sy, = s), and

|sp, — 8| <e if n> Ny
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(because lim,,_,~ s, = §’). These inequalities both hold if n > N = max(Ny, Na),
which implies that

|s—s'| = [(s—sn)+ (sn—5)]
< Js—sn|+|sy— | <ete=2e.

Since this inequality holds for every € > 0 and |s — §| is independent of &, we
conclude that |s — s'| = 0; that is, s = §'.

A sequence {s,} is said to be divergent to oo if for any real number a, s, > a
for large n and written as

lim s, =
n—0o0

Similarly,

lim s, = —
n—oo

if for any real number a, s, < a for large n. not regard {s,} as convergent unless
lim,,_, o Sy, is finite, as required by Definition of limit. To emphasize this distinction,
we say that {s,} diverges to co (—o0) if lim, o0 S = 00 (—00).

Example: The sequence {n/2+1/n} diverges to oo, since, if a is any real number,
then 1

ﬁ—F—>a if n>2a.
2 n

= (5+3)
Iim (=4+— ) =
n—oo0 \ 2 n
Example: The sequence {n — n?} diverges to —oo, since, if a is any real number,
then

Therefore, we write

—n?4n=-nn-1)<a if n>1++/]d|

Therefore, we write

lim (—n?+n) = —oc.
n—oo

Example: The sequence {(—1)"n?} diverges, but not to —oc or co.

2.2 Bounded Sequence

A sequence {s,} is bounded above if there is a real number b such that
sp < b for all n,

bounded below if there is a real number a such that
sp > a for all n,

or bounded if there is a real number r such that

|sp| <7 for all n.
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Example: If s, = [14+(—1)"|n, then {s,} is bounded below (s, > 0) but unbounded
above.

{=sn} is bounded above (—s, < 0) but unbounded below.
If s, = (—1)", then {s,} is bounded.
If s, = (—1)"n, then {s,} is not bounded above or below.

Theorem: A convergent sequence is bounded.
Proof: By taking ¢ = 1, we see that if lim,,_,., s, = s, then there is an integer N
such that

lsn —s| <1 if n>N.

Therefore,
50| = |(5n — 8) + 8| < |sn—s|+|s| <1+]|s| if n>N,

and
|8n’ < max{|80], ’81|’ KK} |$N—1‘7 1+ ’8’}

for all n, so {s,} is bounded.

Theorem: A sequence {s,} converges to s if and only if every neighborhood of s
contains s, for all but finitely many n.

2.3 Monotonic Sequences

A sequence {s,} is nondecreasing if s, > s,—1 for all n, or nonincreasing if s, < s,,—1
for all n.

A monotonic sequence is a sequence that is either nonincreasing or nondecreas-
ing. If s,, > s,_1 for all n, then {s,} is increasing, while if s, < s,—1 for all n, {s,}
is decreasing.

Theorem:
e If {s,} is nondecreasing, then lim, o s, = sup{s,}.
e If {s,} is nonincreasing, then lim,_,~ s, = inf{s,}.

Recall: The definition of supremum and infimum of a set.
Proof: Let § = sup{s,}. If 5 < co, then by definition if € > 0 then

B—e<sy<p

for some integer V.
Since sy < s, < G if n > N, it follows that

b—e<sp, <B if n>N.
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This implies that |s, — 8| < e if n > N, so lim,_,c sp, = 5, by definition.

If B = oo and b is any real number, then sy > b for some integer N. Then
Sp >bforn > N, so limy_ o0 Sy = 00.

For the proof of the second part try yourself.

Example: If so =1 and s, =1 —e™*»~1, then 0 < s, < 1 for all n, by induction.
Since  Spy1— Sp = —(e " —e 1) if n> 1.
The mean value theorem implies that
Sppl — Sp =€ "(sy —sp_1) if n>1, (2.1)

where t,, is between s,_1 and s,. Since s; —s9 = —1/e < 0, it follows by induction
from (2.1) that sp41 — s, < 0 for all n.
Hence, {s,} is bounded and decreasing, and therefore convergent.

Remark: Let {z,} and {s,} be two sequences. If 0 < z,, < s, for n > N, where
N is some fixed number, and if
Sp — 0,

then
Ty, — 0.

2.4 Some Special Sequences

Theorem: If p > 0, then

Proof: Before presenting the proof let us recall the following:

Recall the binomial theorem:
a?

(1+x)”:1+n$+x(n—1)2'

+ ...
We have the following inequality

I+nex <(1+4+x)",2>0.

Theorem: If p > 0, then
lim /p=1.

n—o0

Proof: We will discuss the three cases when p = 1, when p > 1 and when 0 < p < 1.
If p>1, put z, = {/p—1. Then x, > 0, and, by the binomial theorem

1+ nz, < (1+z,)" =p,
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so that

Theorem: Show that

Proof: Take x, = ¢/n — 1.

0<z, <——.
n

lim ¥n=1.

n—00

Then x, > 0, and, by the binomial theorem

-1
n=1+z,)" > n(n2)$i

Hence

2

0<uz, < ’ n>2
n—1
Theorem: If p > 0 and « is real, then
«
lim ———— =0
N—00 (1 —|—p)n
Proof: Let k be an integer such that £ > o, £ > 0.
For n > 2k,
nin—1)..(n—k+1) . nFp¥
(1+p)" > ] P > SR
Hence N
o 2F
0< 2 <==n** > 2k
(I+p™ p
Since o — k < 0,n** — 0 by
lim i =0.
n—oo NP

Theorem: If |x| < 1, then

Theorem: Let lim, oS, = s
Then

lim 2™ = 0.
n—oo

and lim, .o t, = t, where s and t are finite.

nlggo(csn) =cs (2.2)
if ¢ is a constant;

lim (s, +t,) = s+t
n—oo
lim (s, —t,) = s—t,
n—oo

lim (spt,) = st,

n—oo

Sn s
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if ¢,, is nonzero for all n and ¢ # 0.
Proof: We write
Sptn — st = spty — sty + sty — st = (s, — $)tn + sty — t);
hence,
|sntn — st| < |sn — 8| [ta] + |8 [tn — t|-

Since {t,} converges, it is bounded.
Therefore, there is a number R such that |t,| < R for all n, and (??) implies
that
|Sntn — st| < Rl|sp, — s| + |s||tn — t|. (2.3)

By definition, if € > 0 there are integers N1 and Ny such that

lsn —s| < e if n>N;
[th —t|] < e if n>Ns.

If N = max(Ny, N2), then both inequalities hold when n > N, and the (2.3) implies
that
|sptn — st| < (R+s])e if n>N.

This proves (2.3).

We consider the special case where s, = 1 for all n and ¢ # 0; thus, we want to
show that

. 1 1
lim — = —.
n—00 iy, t
First, observe that since lim, ,ot, = t # 0, there is an integer M such that

[tn] > |t]/2 if n > M.

By definition with € = |t|/2; thus, there is an integer M such that |¢t, —t| < |t/2]
ifn>M.

Therefore,

Izl
2
If £ > 0, choose Ny so that |t, —t| < e if n > Np, and let N = max(Ny, M). Then

ltn] = |t + (tn — )] > |[t] — |tn — t|| > if n>M.

1_1’:|t_t”|§2€ if n>N.
ta U] tal 2] T 1]

hence, lim,,_,o 1/t, = 1/t. Now we obtain (2.3) in the general case from (2.3) with
{tn} replaced by {1/t,}.
Example: Find the limit of the sequence

1 . nr 2(1+43/n)

Fa 1+1/n
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Solution: We apply the applicable parts of Theorem as follows:

1 2 [li 1431l 1
lim s, = lim = sin 8 4 i —soo ,+3 im0 /n)]1+ lim (1/n)
n—00 n—oo N 4 hmn—>oo n—00
2(1+3-0)
04+ ———F=2.
* 1+0

(n/2)+logn

Example: Find the limit of the sequence s, = lim,,_, TV

Solution:

(n/2) +logn . 1/2+4 (logn)/n

im ———— = lim
n—oo  3n+4y/n n—oo 34 4n—1/2
lim,, 00 1/2 + limy, o0 (logn) /n

limy, o0 3 + 41im,, oo n—1/2
1/240

3+0
1

G

2.5 Subsequence
A sequence {tx} is a subsequence of a sequence {sy} if
ty = Sny, k>0,

where {n;} is an increasing infinite sequence of integers in the domain of {s,}. We
denote the subsequence {tx} by {sp, }.

Example: If
1 1
= —_ = 1 — —_

1
yee e
then letting ny = 2k yields the subsequence

1 11 1
{SQk}_{Qk‘}_{2’4,.”72]{7“.}’

W =

and letting ng = 2k + 1 yields the subsequence

1 1 1

Example: The sequence {s,} defined by

Sp = (—1)" (1 + i)

does not converge, but {s,} has subsequences that do. For example,

{sor} = {1 + 211{;}
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lim sop = 1.
k—o00

Example: The sequence {s,} defined by

sn = (=1)" (1 + i)

does not converge, but {s,} has subsequences that do.
For example,
1
= —1 —
{saer1} { 2k + 1 }

lim Sok+1 = —1.
k—o0

It can be shown that a subsequence {sy, } of {s,} converges to 1 if and only if ny, is
even for k sufficiently large, or to —1 if and only if ny is odd for k sufficiently large.
Otherwise, {sy, } diverges.

Theorem: If

then
lim s,, =s
k—oo

for every subsequence {sy, } of {s,}.
Proof: By definition for every € > 0, there is an integer NV such that
|sp, —s| <e if n>N.

Since {ng} is an increasing sequence, there is an integer K such that ny > N if
k > K. Therefore,
|sp, —L| <e if k>K.

Theorem: If {s,} is monotonic and has a subsequence {sy, } such that
lim s,, = s,
k—o0o

then

lim s, = s.
n—oo

Recall the following theorem:
If {s,} is nondecreasing, then lim, o s, = sup{s,}.

If {s,} is nonincreasing, then lim,_, s, = inf{s,}.
Proof: Since {s,, } is also nondecreasing in this case, it is sufficient to show that

sup{sn, } = sup{sn}
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Since the set of terms of {s,, } is contained in the set of terms of {sy},

sup{s,} > sup{sy, }.

Since {sy} is nondecreasing, there is for every n an integer nj such that s, < sp,.
This implies that

sup{sn} < sup{sy, }.

Theorem: A point T is a limit point of a set S if and only if there is a sequence
{zy} of points in S such that x,, # T for n > 1, and

lim z, = 7.
n—oo

Proof: By definition for each € > 0, there is an integer N such that 0 < |z, — | <
ifn> N.

Therefore, every e-neighborhood of T contains infinitely many points of .S. This
means that Z is a limit point of S.

For necessity, let T be a limit point of S. Then, for every integer n > 1, the interval
(x —1/n,7 + 1/n) contains a point z,, (# ) in S.
Since |z, — Z| < 1/nif m > n, lim,_o0 , = T.

Theorem:
o If {x,} is bounded, then {x,} has a convergent subsequence.
e If {z,} is unbounded above, then {z,} has a subsequence {x,, } such that

lim z,, = oc.
k—o0

e If {z,} is unbounded below, then {z,} has a subsequence {x,, } such that

lim z,, = —ooc.
— 00

Proof: Let S be the set of distinct numbers that occur as terms of {x,}.

(For example, if {z,} = {(-1)"}, S = {1,-1}; if {z,} =
{1,5,1,5,...,,1/n,...}, S={1,4,...,1/n,... }.)

If S contains only finitely many points, then some Z in S occurs infinitely often
in {z,}; that is, {z,} has a subsequence {z, } such that z,, = T for all k. Then
limy o0, = T, and we are finished in this case.

If S is infinite, then, since S is bounded (by assumption), the Bolzano-
Weierstrass theorem implies that S has a limit point Z.

There is a sequence of points {y;} in S, distinct from Z, such that

lim y; = 7.
J—00
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Although each y; occurs as a term of {zy}, {y;} is not necessarily a subsequence of
{zy}, because if we write

Yj = Tn;-

There is no reason to expect that {n;} is an increasing sequence as required in
definition of subsequence.

However, it is always possible to pick a subsequence {nj, } of {n;} that is in-
creasing, and then the sequence {y;, } = {ss,, } is a subsequence of both {y;} and

2.6 Limit Superior and Limit Inferior

Theorem:

e If {s,} is bounded above and does not diverge to —oo, then there is a unique
real number s such that, if € > 0,

sp <5+¢ forlargen (2.4)

and
Sp >S5 —e¢ for infinitely many n. (2.5)

e If {s,} is bounded below and does not diverge to oo, then there is a unique
real number s such that, if € > 0,

Sp > s—e for large n (2.6)

and
Sp < s+ ¢ for infinitely many n. (2.7)

Proof: Proof of the first part. Since {s,} is bounded above, there is a number g
such that s, < f for all n. Since {s,} does not diverge to —oo, there is a number
a such that s, > « for infinitely many n. If we define

My, = Sup{ Sk, Skt1s -« Sktry -}

then o < My, < 3, so {Mj} is bounded. Since {Mj} is nonincreasing (why?), it
converges. Let
5= lim M. (2.8)

k—o00

If ¢ > 0, then M} < 5+ ¢ for large k, and since s,, < My, for n > k, S satisfies (2.4).
If (2.5) were false for some positive ¢, there would be an integer K such that

sn<s5—¢ if n>K.
However, this implies that

My, <s—¢ if k>K,
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which contradicts (2.8). Therefore, 5 has the stated properties.
Now we must show that s is the only real number with the stated properties. If
t < '35, the inequality

cannot hold for all large n, because this would contradict (2.5) with ¢ = (5 —t)/2.
If 5 < ¢, the inequality
t—s _ t—3
Sp >1— 5 =S+ 5

cannot hold for infinitely many n, because this would contradict (2.4) with ¢ =
(t —5)/2. Therefore, 5 is the only real number with the stated properties.

The numbers s and s defined in the previous Theorem are called the limit supe-
rior and limit inferior, respectively, of {s,}, and denoted by

5 =limsups, and s=liminfs,.

n—00 n—00
We also define

limsups, = oo if {s,} is not bounded above,
n—oo

limsups, = —oo if lim s, = —o0,

n—00 n—00

liminfs, = —oo if{s,} is not bounded below,
n—oo

liminfs, = oo if lim s, = co.
n—oo n—o0

Theorem: Every sequence {s,} of real numbers has a unique limit superior, 3, and
a unique limit inferior, s, in the extended reals, and

s < S.
Examples:
oo, |r|>1,
limsupr" = 1, |rl=1,
oo 0, |rl<1,;
and
oo, r>1,
1, r=1,
liminfr" = 0, |rl<1,
n—0o0
-1, r=-1,
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Example:
limsupn? = liminfn? = oo,
n—00 n—00
1
lim sup(—1)" (1—) = 1,
n—00 n
. 1
lim inf(—1)" (n—) = -1,
n—0o0 n
and
limsup [1 + (—1)"]n® = oo,
n—oo
liminf [l + (—=1)"]n* = 0.
n—oo

Theorem: If {s,} is a sequence of real numbers, then

lim s, =s (2.9)
n—o0
if and only if
limsup s, = liminf s,, = s. (2.10)
n—oo

n—oo

Proof: If s = 400, the equivalence of (2.9) and (2.10) follows immediately from
their definitions. If lim,_,. s, = s (finite), then definition of a convergent sequence
implies that (2.4)—-(2.7) hold with 5 and s replaced by s. Hence, (2.10) follows from
the uniqueness of s and s. For the converse, suppose that s = s and let s denote
their common value. Then (2.4) and (2.6) imply that

s—e<s, <8s+¢

for large n, and (2.9) follows from Definition and the uniqueness of lim;,, oo Sy.

2.7 Cauchy Sequence

A sequence {s,} of real numbers is called a Cauchy sequence if for every ¢ > 0,
there is an integer N such that

|sn — sm| <e if m,n>N.
Theorem: If {s,} is a Cauchy sequence of real numbers, then {s,} is bounded.
Proof: See Lecture

Theorem (Cauchy’s convergence criterion): A sequence {s,} of real numbers
converges if and only if, for every € > 0, there is an integer NV such that

|sn — sm| <e if m,n>N.
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Proof: Suppose that lim,,, s, = s and € > 0.
There is an integer NV such that

|Sr—5|<% if r>N.
Therefore,
S0 — Sm| = [(sn — 8) + (s — sm)| < [sn — 8| +[s — sm| <,

whenever n, m > N. Therefore, the stated condition is necessary for convergence of
{sn}-

Recall a Cauchy sequence {s,} is bounded. So 5 and s are finite.

Now suppose that € > 0 and N satisfies |s, — s;| <&, n,m > N.

From definition of limit superior and limit inferior

|sn, — 3] < g, lsm — 8| < e
for some integer m,n > N.
Since
‘§_§| = |[(8—sn) + (Sn — 5m) + (8m — 5)|
< |5 = su| 4+ [sn — Sm| + |Sm — |-
We have

|5 — 5| < 3e.

Since ¢ is an arbitrary positive number, this implies that 5 = s, so {s,} converges.

2.8 Series

If {a,}}° is an infinite sequence of real numbers, the symbol
o0
D
n==k

is an infinite series, and a,, is the nth term of the series.
We say that > 02, a, converges to the sum A, and write

Z an = A,
n=~k
if the sequence {Ay}7° defined by

An:ak+ak+1+"’+a’m n2k7

converges to A.
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2.8.1 Sequence of Partial Sums

The finite sum A, is the nth partial sum of Y .~ an.
If {A,}7° diverges, we say that > 7 a, diverges.

In particular, if lim,,_,., A, = 00 or —oo, we say that Zzozk an diverges to oo or
—o00, and write
[o.¢] oo
Zan:oo or Zan:—oo.
n=~k n==k

2.8.2 Oscillatory Series

A divergent infinite series that does not diverge to oo is said to oscillate, or be
oscillatory.

Example: Consider the series

o0

Zr", —l<r<l.

n=0
Here a,, = r™ (n > 0). The nth term of sequence of partial sum is
1— n+1
An=1+r+r2+-~+r”=%7
—r

which converges to 1/(1 —r) as n — oo. Thus, we write

oo
n 1
Y= —l<r<l.
1—r
n=0

Example: The nth term of sequence of partial sum is
1— n+1
An:1+r+r2—|—---+r”:+,
1—7r
If |r| > 1, then > 2 ™ diverges; if r > 1, then

e}

g r’ = oo,

n=0
Example: The nth term of sequence of partial sum is

1— n+1
An:1+7’+r2++7’n:$

1—r

If r < —1, > 07 r™ oscillates, since its partial sums alternate in sign and their
magnitudes become arbitrarily large for large n.
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If r = —1, then Ag;,+1 =0 and Aoy, =1 for m >0, whileif r =1, A, =n+1;
in both cases the series diverges.

Theorem: The sum of a convergent series is unique.
Proof: See Lecture.

Theorem: Let > >° , a, = A and > 7 ,b, = B, where A and B are finite.
Then

o0

Z(can) =cA
n==k
if ¢ is a constant,
> (an+bn) =A+ B,
n=~k
and -
> (an—bn) =A-B.
n==k

These relations also hold if one or both of A and B is infinite, provided that the
right sides are not indeterminate.

2.9 Dropping Finitely Many Terms

For example, suppose that we drop the first & terms of a series >~ ; ay,, and consider
the new series Y 2, a,. sums of the two series by

A, = a+ar+---+a,, n>0,
A; = ap+tag+--+an, n>k

Ap=(ag+ar+-+ax1)+ A, n>k,

it follows that A = lim,_,o A, exists (in the extended reals) if and only if A’ =
lim;, 0 A!, does, and in this case

A= (ag+ar+ - +ar1)+A.
An important principle follows from this.

Lemma: Suppose that for n sufficiently large (that is, for n > N) the terms of
> o2 4 an satisfy some condition that implies convergence of an infinite series. Then
Y oo i Gp CODVErges.

Similarly, suppose that for n sufficiently large the terms > 2, a, satisfy some
condition that implies divergence of an infinite series. Then "7 | a, diverges.

Example: The series Y . an converges if (—1)"an > 0, |ant1| < |an|, and
lim,,—yoo ay, = 0.
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The terms of

o0

Z 16 + (—2)"
= n2m

do not satisfy these conditions for all n > 1, but they do satisfy them for sufficiently
large n.

Theorem: A series ) a, converges if and only if for every € > 0 there is an integer
N such that
lan + ant1+ - +am| <e if m>n>N.

Proof: In terms of the partial sums {A,} of > ay,

n + Apit &+ am = A — Ap_1.
Therefore, (??) can be written as

|Ap — Ap—1| <e if m>n>N.

Since Y a,, converges if and only if { A, } converges, Theorem implies the conclusion.

o0
Theorem: Show that the series > % is divergent.
n=1

Proof: Consider the sequence of partial sums

1 1+1 1+1+1 1—|—1+1+1
s1=1,89 = —,83 = -+ -,s — -+, ..
1 3 92 273 2 374 9 3 4’
form strictly increasing sequence
S1 < Sy <83 <. <85, < ...
= 1—|—1>1+1
R R T
= +1+1> +1+1>4
=2t T TR TR T T )
+1+1+1+1> +1+1+1+1>4
Sg=33 = S4t+ -+ =-+=-+=->s4+-+-+-+->=
=3 T MTETe TR MR8 R8T 2
n+1

...89n > .
2 2

If M is any constant, we can find a positive integer n such that

n—+1
2

> M.

But for this n, we have

n+1
52n>T>M
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so that no constant M is greater than or equal to every partial sum of the harmonic
series.

Example: Consider the geometric series Y r".
If |r| <1 and m > n, then

|Am_An| — |Tn+1_’_7,n+2+__'+rm|
< M ) A
_ |T’n+11 _ |T‘mfn ’,r|n+1 '
1—|r| 1—r|
If € > 0, choose N so that
MN+1
< €.
1—|r|

Then Cauchy’s convergence criterion implies that
|Ap, — Ap| <e if m>n>N.
Now Theorem implies that Y 7™ converges if |r| < 1, as in Example 77.
Corollary: If > a, converges, then lim,_, a, =0
Proof: If ) a, converges, then for each € > 0 there is an integer K such that

o
D an

n==k

<e if k> K;

that is,

Be careful: lim,,_, o, a, = 0 Necessary condition.
Not sufficient.
Example: For the harmonic series lim,,_, % =0.

But we have proved that

>
n=1 n
is divergent.

Corollary: If > a,, converges, then for each € > 0 there is an integer K such that

o0
D an

n=k

<e if k>K;
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that is,

Example: If |r| < 1, then

o9
>
n=~k

I
1=

0 oo
’l“k § : Tn—k ’I"k Z rn
n=~k n=0

Therefore, if

I
1—7r ’
then
x
dr<e if k=K,

n=~k

which implies that limg_,oo Y oo, 7™ = 0.

2.10 Series of Nonnegative Terms

The series Y ay, is said to be series of nonnegative terms if a,, > 0 for n > k. The
theory of series Y a, with terms that are nonnegative for sufficiently large n is
simpler than the general theory, since such

The series of nonnegative terms either converges to a finite limit or diverges to
00.
Recall the following theorem:

e If {s,} is nondecreasing, then lim, o s, = sup{s,}.
e If {s,} is nonincreasing, then lim,_,~ s, = inf{s,}.

Theorem: If a,, > 0 for n > k, then ) a,, converges if its partial sums are bounded,
or diverges to oo if they are not. These are the only possibilities and, in either case,

Zan = sup{A, :n >k}
n=~k

where
Ap=ap+aps1+--+ap, n>k.

Proof: Since A, = A,_1 + a, and a, > 0 (n > k), the sequence {4,,} is nonde-
creasing, so the conclusion follows from Theorem and definition of convergence of a
series.

Recall the theorem: If a,, > 0 for n > k, then )_ a,, converges if its partial sums
are bounded, or diverges to oo if they are not. These are the only possibilities and,
in either case,

Zan = sup{A, :n >k}
n=~k
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where
An:ak+ak+1+“‘+an7 n > k.

2.11 The Comparison Test

Theorem: Suppose that
0<an,<b,, n>k.

Then
e > a, <ooif Y b, < oc.
e > b, =00if > a, = oco.

Proof: If
Ap=ap+ax1+---+a, and Bp,=bp+bxi1+---+b,, n>k,

then, we have
A, < By,

If > b, < oo, then {B,} is bounded above implies that {A4,} is also; therefore,
Yo a, < oo.

On the other hand, if }_ a,, = oo, then {A,} is unbounded above implies that
{B,} is also; therefore, > b, = oc.

Example: Discuss the convergence of the series ) ™.

Solution: Since
T,n
— <", n>1,
n

and Y " < o0 if 0 < r < 1, the series > r™/n converges if 0 < r < 1, by the
comparison test.

Comparing these two series is inconclusive if » > 1, since it does not help to
know that the terms of > r"/n are smaller than those of the divergent series > r™.

If r < 0, the comparison test does not apply, since the series then have infinitely
many negative terms. Since
r’t < nr"

and > r™ = oo if r > 1, the comparison test implies that > nr"™ = oo if r > 1.

Comparing these two series is inconclusive if 0 < r < 1, since it does not help to
know that the terms of ) nr™ are larger than those of the convergent series ) r™.
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Recall the following: If a, > 0 for n > k, then > a,, converges if its partial sums
are bounded, or diverges to oo if they are not. These are the only possibilities and,
in either case,

oo

Zan = sup{A, :n >k}

n=k
where

Ap=ap+ax1+ - +ap,, n>k.
Theorem: Suppose a; > ag > ... > 0. Then the series Y~ | a, converges if and
o

only if the series > 2¥aq. converges.

k=0
Proof: Consider the sequence of partial sum

Sp = aj + as + ... + an, te = a1+ 2ag + ... + 2% aqn.
For n < 2¥, we have

a1 + (ag + ag) + ...+ (an + ...+ a2k+1_1)
a1 + 2a9 + ... + QkG/Qk =1

Sn

so that
sn <ty (%)

On the other hand, if n > 2¥, we have

v

Sn ar +az+ (a3 +as) + ... + (agre-1,.1 + ... + agr)

V

1 k1 1
= §a1—|—a2+2a4+...+2 Aok :itk

so that
28, > 1 (k).

By (*) and (**) both sequences {s,} and {t;} are either both bounded or both
unbounded.
Recall the following theorem:

Theorem: If Y a, converges, then lim,,_, a, = 0.

Theorem: Suppose a; > ag > ... > 0. Then the series 220:1 an converges if and

[e.e]
only if the series > 2¥ay, converges.
k=0
Theorem: The series ) n% converges if p > 1 and diverges if p < 1.

Proof: If p = 0, then ) -5 is divergent. If p < 0, then once again 5 -1 is divergent.
(Why) If p > 0 then the series Y & and the series

npkP

oo 1 oo
S =y 2
k=0 2% k=0
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Notice that 2!77 < 1 if and only if 1 —p < 0. Take x = 2'~P, then we have

o0
|z| < 1 and the series Y. 200-P)¥ becomes
k=0

oo
St
k=0
The monotonicity of the logarithmic function implies {logn} increases. Hence

{1/nlogn} decreases.
Theorem: If p > 1,

E #
s n(log n)p
converges, if p < 1, the series diverges.

Proof: The monotonicity of the logarithmic function implies {logn} increases.
Hence {1/nlogn} decreases.

The series
[o@)

> oy
— n(logn)?

and
oo

1 1 1
; 2k(klog2)?  (log2)? ; kP

Remark: Consider the series

oo

1
Z nlognloglogn’

n=3

diverges whereas
oo

1
Z nlogn(loglogn)?’

n=3

converges.

Example: Show that the series

> 1
Z (n?+n)4

converges if ¢ > 1/2.
Solution: By comparison with the convergent series > 1/n%4, since

1 1
- <~ n>1
(n?24+n)4 ~ n% "=

This comparison is inconclusive if ¢ < 1/2, since then

1
D =
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and it does not help to know that the terms of > m are smaller than those

of a divergent series. However, we can use the comparison test here, after a little
trick.

Observe that

ad 1 =1
> e e 051
2q Z 2q 00 4= ’
it (n+1) —n
and
1 1

12 1)

Therefore, the comparison test implies that

Z(lzoo, qg<1/2.

n? +n)4

2.12 The Number ¢

The number e is defined by infinite series and is given

oo

1
e = Z E
n=0
where n! =1.2.3..nifn>1and 0! = 1.
We have
1+1+ ! + L + o+ =
Sp = —t — 4.+ —
" 1.2 123 1.2.3..n
1 1
< 1+1+§+...+F<3,
the series converges, and the definition makes sense.
Approximation of the number e: Let
=1+1+ ! + + o+ !
= 12 71237 T 1230
then we have
1 1 1

e— Sp

R CET R

1 1 1
—1 e = —.
(n—l—l)!< +n+1+(n+1)2+ > nln

We can conclude that 1

O<e—s, < —.
nln
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Approximation of the number e: We can conclude that

1

O<e—s, < —.
nln

For example , take n = 10, thus s19 approximate e with an error less than 1077,

n
Theorem: e = lim,, . <1 + 711) =e.
Proof: Let

n

1 (LY
Sn—ZH, tn— +ﬁ .
k=0

We have by using binomial theorem

t, = l—i-l—l-l 1 L —1-1 1 1 1 2 +
"o 2! n 3! n n
1 1 2 -1
+(1)<1>m<1” )

n! n n n

the series converges, and the definition makes sense.

Hence t,, < sy, so that
lim supt, <e (2.11)

n—oo

Next if n > m,

1 1 1 1 2 m—1
th>14+14+=(1-=) 4+ +—(1-=)(1=-2)..(1- .
2! n m! n n n

Let n — oo, keeping m fixed. We get

o 1 1
lim infé, >1+1+ =+ ..+ —,
2! m!

n—o0

so that
Sm < lim — ocoinft,.
n

Letting m — oo, we finally get

e < lim inft, ().
n—o0

Theorem: The number e is an irrational number.

Proof: Before we start the proof recall the following identity

1
O<e—s, < —.
nln

Suppose on contrary that e is a rational number. Then e = p/q, where p and ¢ are
positive integers.
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Take n = q then the above identity becomes

1 1
O<e—s,<— = 0<qlle—sy) < —.
q q!q ( q) q

The number ¢le will be an integer (Why?)
Since

1

1
ls. = ¢! - _
q.sq—q.<1+1+2! +...+q!>

is an integer, we see that g!(e — s4) is an integer. Since ¢ > 1, the identity 0 <
glle—sq) < % implies an integer between 0 and 1.

Theorem: Suppose that a, > 0 and b, > 0 for n > k. Then

e > ay,<oo if > by, <ooand limsup,_,. an/by, < 0.
e > a, =00 if > b, =o00,and liminf,_, a,/b, > 0.

Proof: If limsup,,_, ., an/bn, < 0o, then {a,/b,} is bounded, so there is a constant
M and an integer k such that

an < Mb,, n>k.

Since Y b, < oo, implies that Y (Mb,) < co. Now ) a, < oo, by the comparison
test.
If lim inf,, o0 apn /by, > 0, there is a constant m and an integer k such that

an > mby,, n>k.

Since > b, = oo, implies that Y (mby,) = co. Now ) a,, = 0o, by the comparison
test.

Theorem: Suppose that a, > 0 and b, > 0 for n > k. Then

e > a,<oo if > by, <ooand limsup, . an/by < 00.
e > a, =00 if > b, =00, and liminf, . a,/b, > 0.

Example: Let

1 2 4 sinnw/6
an - Z e and Zan - Z (n+1)P(n—1)7

Then
an 2 +sinnw/6

b, (14+1/n)P(1-1/n)7’
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SO

. Gnp, . . o0n
limsup— =3 and liminf — =1.
n—oo n n—oo by,

Since ) b, < oo if and only if p 4+ ¢ > 1, the same is true of ) ay, by the previous
Theorem.

Corollary: Suppose that a, > 0 and b, > 0 for n > k, and

. an
lim — =L,
n—oo by,

where 0 < L < oo.

Example: Let

1
Z by = Z np+a

B 2+ sinnw/6
Z“" = Z (n+ 1)P(n—1)7°

and

Example: Recall the series lim,, o o we have proved that the series is con-

1
(n?+n)a’
vergent for ¢ > 1/2 by using a trick and applying comparison test.

li 71 L _ li 71 =1
nlﬁnolo (n2 + n)q ﬂ o ngrolo (1 + 1/n)q o

1 1
Z 2 ny and Z e

converge or diverge together.

SO

Recall the following

Theorem: Suppose that a, > 0 and b, > 0 for n > k. Then

e > ap<oo if > by <ooand limsup,_,. an/by, < 0.
e > a,=o00 if > b, =o00,and liminf, _, a,/b, > 0.

2.13 The Ratio Test

Theorem: Suppose that a, > 0, b, > 0, and

An+1 < bn+1

an ~ by
Then

o > ap <ooif ) b, < oc.
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e > b, =00if > a, =oc.

Proof: We can rewrite
An+1 < (279

bn+1 o a’
we see that {a,/b,} is nonincreasing. Therefore, limsup,,_, . a,/b, < oo, and by

applying the Theorem we have proved the first part.

Theorem: Suppose that a, > 0, b, > 0, and

an+1 < b1
an ~ bn

Then
e > b, =00if ) a, = oc.

Proof: Suppose that > a, = oo. Since {a,/b,} is nonincreasing, there is a
number p such that b, > pa,, for large n.

Since > (pay) = 00 if > ap, = oo, (with a, replaced by pa,) implies that b, =
00.

Example: If > a, =Y (2 + sin ) 7. then

. 1
ant1 TQ-{—SIDW
an 2 + sin F

which assumes the values 3r/2, 2r/3, r/2, and 2r, each infinitely many times.

Hence,
. Ap+1 .. e Qp4a r
lim sup ntl — 9 and lim inf 1 = —.
n—oco  Qn n—oo  dp 2

Therefore, > ay, converges if 0 < r < 1/2 and diverges if r > 2. The ratio test is
inconclusive if 1/2 <r < 2.

Corollary: Suppose that a,, >0 (n > k) and

. An+1
lim .
n—00 (O

Then
e > ap<ooif L <1.
e > a,=o00if L >1.
The test is inconclusive if L = 1.

Example: Decide about the series > a, = > nr"~ 1.
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Solution: Since

(R (1, 1Y,
n

Gn nrn—1

SO

lim 2+t
n—00 (U,
The series converges if 0 < r < 1 and diverges if r > 1.
By using corollary the ratio test is inconclusive if » = 1. But recall that for
a convergent series the nth term must approach towards zero. Hence the series
diverges.

Remark: The ratio test does not imply that > a, < oo if merely

Gn41
an

<1, (2.12)

for large n, since this could occur with lim, o @p+1/a, = 1, in which case the test
is inconclusive.
However, the next theorem shows that > a, < oo if (2.12) is replaced by the
stronger condition that a
Sntl <1-— p
an, n
for some p > 1 and large n. It also shows that > a, = oo if

Intl >4
an n

for some ¢ < 1 and large n.

Theorem (Raabe’s test): Suppose that a, > 0 for large n. Let

M = limsupn (anH - 1) and m = liminfn <a"+1 - 1) .

n—s00 an n—00 Gn
Then

e > a, <ooif M < —1.

® > ap=o00ifm>—1.
The test is inconclusive if m < —1 < M.

Example: If

n!
Zan:Za(a+1)(a+2)---(a+n—1)’ a>0,

then +1
. Ap4-1 . n
lim L — Jim =
n—oo Ay n—o0o o + N

L

so the ratio test is inconclusive.
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However,
1
lim <an+1 —1> = Ilim n<n+ —1)
n—o00 A, n—o0 a+n
1—
= lim il @) =1-a,

so Raabe’s test implies that ) a, < coif @ >2and ) a, =00 if 0 < o < 2.

2.14 Cauchy’s Root Test

Theorem: If a,, > 0 for n > k, then
e > a, < oo if limsup,,_,., an al™ < 1.

e > a, = oo if limsup,,_,. an al™ > 1.

The test is inconclusive if limsup,, . a}/ " =1

Proof: If limsup,_, a l/n < 1, there is an 7 such that 0 < r < 1 and an/ <r

for large n. Therefore, a,, < r™ for large n. Since ) r"™ < oo, the comparison test
implies that > a, < oo.

1/n

If limsup,, ., a’ > 1, then al/ " > 1 for infinitely many values of n, so . a, =

Q.

Example: Cauchy’s root test is inconclusive if

Yo=Y

because then

1 1/n
limsupa,ll/” = lim <> = lim exp (—Blogn> =1
n—00 n—oo \ nP n—00 n
for all p.
However, we know that > 1/n” <ocoif p>1and ) 1/nP =oc0if p < 1.

Example: If
. NA\"
Zan = Z <2+Slnz> Tn,

then .
lim sup a}/n = lim sup <2 + sin *) r = 3r,
n—oo n—oo 4

and so > a, < oo if r < 1/3 and > a, = oo if r > 1/3. The test is inconclusive if
r =1/3, but then |agm+2| =1 for m >0, so Y a, = oc.
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2.15 Absolute Convergence

2.16 Absolute Convergence
A series Y ay, converges absolutely, or is absolutely convergent, if > |a,| < oo.

Example: A convergent series ) | a, of nonnegative terms is absolutely convergent,
since Y a, and ) |a,| are the same.

More generally, any convergent series whose terms are of the same sign for sufficiently
large n converges absolutely.

Example: Counsider the series

Z sin nf
np )
where 0 is arbitrary and p > 1.

Solution: Since )

- nk

sin nd
npP

and Y 1/nP < oo if p > 1, the comparison test implies that

2.

Therefore, the given series converges absolutely if p > 1.

sin nf

<oo, p>1.

npb

Example: If 0 < p < 1, then the series

—1)"
Z(np)

does not converge absolutely, since
>S5
npb

However, the series converges, by the alternating series test, which we prove below.

1

npb

Remark: Any test for convergence of a series with nonnegative terms can be used
to test an arbitrary series Y a, for absolute convergence by applying it to >_ |ay,].

Example: Determine the series

n!
Zan:Z(—l) ala+1)--(a+n—1)" «>0,

for absolutely convergent or not?
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We apply Raabe’s test to

n!
Za”zza(a+1)..-(a+n—1)'

From previous example, > |a,| < oo if @ > 2 and ) |a,| = 0o if a < 2. Therefore,
> a, converges absolutely if o > 2, but not if o < 2.
Notice that this does not imply that Y a, diverges if a < 2.

Theorem: If ) a, converges absolutely, then > a, converges.
Proof: See Lecture.
Example: For example, the Theorem implies that
Z sin nf
np

converges if p > 1, since it then converges absolutely.
What about the converse of the theorem?

Conditional convergence

2.17 Dirichlet’s Test for Series

Theorem: The series Y -, anb, converges if lim, . a, = 0,

Z ‘an—i-l - an’ < o0,

and
|bk+bk+1+”'+bn|§M, n >k,

for some constant M.

Proof: Define B, = by +bx+1+---+bn, n >k and consider the partial sums of

ook anbp:
Sn = agby + app1bpyr + -+ apby, n >k, (2.13)

By substituting
bp=B and b,=B,—B,_1, n>k+1,
into (2.13), we obtain
Sp = ag Bk + ap+1(Br+1 — Bi) + - + an(Bn — Bp—1).
Rewriting as

Sn = (ag —ags1)Br + (ak+1 — aky2)Bryr + -+

2.14
+ (anfl - an)anl + an By, ( )
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(The procedure that led from (2.13) to (2.14) is called summation by parts. It
is analogous to integration by parts.)
Now (2.14) can be viewed as

Sn=Th_1+ anBy, (2.15)
where
Th—1 = (ar — ap41)Br + (ak+1 — ag42)Bry1 + - + (an—1 — an) Bn—1;

that is, {T),} is the sequence of partial sums of the series

[e.e]

S (4 — aj41)B;. (2.16)

i=k

Since
(aj — aj11)Bj| < Mlaj — aji1]

from given conditions and the comparison test imply that the series (2.16) converges
absolutely. Absolutely convergence implies that {7},} converges.

Let T = limy, 00 Tpr. Since {B,,} is bounded and lim,_,~ a, = 0, we infer from
(2.15) that

lim S, = lim 7T, 1+ lim a,B,=T+0="1T.
n—oo n—oo

n—oo

Therefore, Y a,b, converges.

Example: Apply Dirichlet’s test to the following series

> sin nf )
nZ::Q m, 0 # km (k = lnteger),

Solution: We take

A = and b, = sinnf.

Py

Then lim, . a, = 0, and

|an+1 - an| <

n(n—1)
(verify), so
Z |an+1 — an| < oo.

Now
B, =sin260 +sin 360 + - - - + sinnf.
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We can write

(cos 30 — cos 260) + + - + (cos (n — 1) 6 — cos(n + 3)0)

B =
" 2sin(0/2)
_ cos 30 — cos(n+ 3)0
B 25sin(0/2) ’
which implies that |B,| < m , n>2.

Since {a,} and {by,} satisfy the hypotheses of Dirichlet’s theorem, > a,b, con-
verges.

Remark: Dirichlet’s test takes a simpler form if {a,} is nonincreasing, as follows.

Corollary: The series > a,by, converges if ap41 < ay, for n > k, lim, o0 a, = 0,
and
bk +bgy1 + -+ b S M, n>k,

for some constant M.

Proof: Recall the Dirichlet’s test for series, we need to show that
o
Z lan+1 — an| = ap < oo.
n=k
If apg1 < ap, then Y0 4 |ansr — an| = D0 i (An — Gng1) = Ak — Qg1
Since limy, o0 am+1 = 0, it follows that
oo
Z lan+1 — an| = ax < oo.
n=~k

Therefore, the hypotheses of Dirichlet’s test are satisfied, so ) a,b, converges.

Example: Discuss the convergence of the series

sin nf
Z np

Solution: The given series is convergent if p > 1.
If we take a,, = 1/nP and b,, = sinn#, then we have

Unt1 < Gy, nh_}Igo =0.

and we have proved in previous example that
|bk—|—bk+1+"'+bn| <M, n2>k,

Consequently, the given series also converges if 0 < p < 1 and this follows from
Abel’s test.
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2.18 Alternating Series

Series whose terms alternate between positive and negative, called alternating series.

oo 11
Z(_l)k-‘r %

k=1
Stk
k=1
Y (Drar, D (D) ay,
k=1 k=1

Corollary (Alternating series test): The series » (—1)"a, converges if 0 <
ant+1 < ayn and limg, 00 ap = 0.

Proof: Let b, = (—1)"; recall that
B,=0b+bgs1+---+by, n>k.

Then {|By|} is a sequence of zeros and ones and therefore bounded. The conclusion
now follows from Abel’s test.

Example: Show that the series is convergent

- 1
Z<_1)k+1%'

k=1

Example: Show that the series is convergent

= k+3
;(_1)k+lk(k+ 1)

2.19 Grouping Terms in a Series
e The terms of a finite sum can be grouped by putting parenthesis arbitrarily.
e For example,

(1+7)+(6+5)+4=
(L+7+6)+ (5+4).
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e Is the same true for infinite series?

Theorem: Suppose that Y 7, a, = A, where —oo < A < co. Let {n;}{° be an
increasing sequence of integers, with n; > k.

Define
bl — ak+"'+an17
b2 - anl—i-l + - +a/’lI2)
br = a’nrfl“l’1 + o + anr'
Then

> by, = A

Jj=1

Proof: If T is the rth partial sum of 3777, b,; and {A,} is the nth partial sum of

Ziik As-
Then

T’r == b1+b2+"'+br
— (a1+"‘+an1)+(an1+1+"‘+an2)‘|‘"'+

(anr—l+1 + T + an'r)
= A,,.
Thus, {7, } is a subsequence of {A,}, so
lim 7T, = lim A, = A.

T—00 n—0o0

Example: If > >° ((—1)"a, satisfies the hypotheses of the alternating series test
and converges to the sum S
Then the theorem of grouping terms in a series enables us to write

k 0
S = (=D"an+ (=1 (ar19;-1 — ary2;)
n=0 j=1
and
k 00
5= Z(—l)”an + (=D {agq - Z(ak+2j — Qt2j-1) |-
n=0 7j=1

Since 0 < apy1 < ay, these two equations imply that S — Sj is between 0 and
(=1 tag 1.
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e Be careful while introducing parenthesis to a divergent series
e Apply carefully the previous theorem

Example: For example, it is tempting to write

D=t =1 -1+ (1-1)+--=0+0+-

n=1

and conclude that Y 2, (—1)" = 0.

But equally tempting to write

e}

(=Mt = 1-(1-1)-(1-1)-
n=1
e 1—0—0_...
and conclude that >°°°  (—1)"*! = 1.

Is there a contradiction with the theorem? Of course, there is no contradiction
here, since Theorem does not apply to this series, and neither of these operations is
legitimate.

2.20 Rearrangements of Series

Theorem: If Y °° b, is a rearrangement of an absolutely convergent series
o2 | an, then Y07 | by, also converges absolutely, and to the same sum.

Proof: Let

A, =a1| +lag| + -+ +|an| and By, = |by| + |ba| + -+ + |by.

For each n > 1, there is an integer k, such that by, bo, ..., b, are included among
ai, as, ..., ay,, so By, < Ay, . Since {A,} is bounded, so is {B,}, and therefore
> bn| < 0.

Now let

Apn = a1taz+--t+an, Bp=bi+by+ -+ by,
o o0

A = Zan, and B:an.
n=1 n=1

We must show that A = B. Suppose that ¢ > 0. From Cauchy’s convergence
criterion for series and the absolute convergence of > ay,, there is an integer N such
that

lans1| + lange| + -+ |lanyx] <&, k> 1
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Choose Nj so that ay, ag, ..., ay are included among b1, ba, ..., by,. If n > Ny,
then A, and B,, both include the terms a1, aq, ..., ay, which cancel on subtraction;
thus, |A, — By | is dominated by the sum of the absolute values of finitely many terms
from Y a, with subscripts greater than N.

Since every such sum is less than ¢,

’fin —-lgn‘~< e if n>Nj.

Therefore, lim, o0 (Ap — Bp) =0 and A = B.

2.21 Addition and Multiplication of Series

Theorem (Addition of series): If > a, = A and ) b, = B; then their sum > (a, +
by,) = A+ B and ) ca,, = cA, for some fixed c.

Proof: Consider the sequence of partial sums
Product of infinite series: Given two series

Z a, and Z by,
n=0 n=0

We can arrange all possible products a;b; (7, j > 0) in a two-dimensional array:

apbo apb1 agbz apbs
a1b0 a1b1 a1b2 albg
agby azbi agby azby - -- (2.17)
asby asby asby aszbs

where the subscript on a is constant in each row and the subscript on b is constant
in each column.
Any sensible definition of the product

(5 ()

clearly must involve every product in this array exactly once; thus, we might define
the product of the two series to be the series Y 2 pn, where {p,} is a sequence
obtained by ordering the products in (2.17) according to some method that chooses
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every product exactly once. One way to do this is indicated by

aobo — aobl a062 — aobg
3 T 3
albo — a1b1 albg a163
\J T 1
azbp — agbi — agbe agbs - -- (2.18)
1
agb() — CL3b1 — a3b2 — agb3

!

Product of infinite series: Another by

aobo — Qg bl aon —  ag bg a0b4
e e v a
a1bo a1b aibo a1bs
IS v a
azbo azby azby azbs (2.19)
v a
azbo azby azbo azbs
4
a4bo

There are infinitely many others, and to each corresponds a series that we might
consider to be the product of the given series. This raises a question: If

ian =A and ibn = B.
n=0 n=0

where A and B are finite, does every product series > ., py, constructed by ordering
the products in (2.17) converge to AB?
The next theorem tells us when the answer is yes.

Theorem: Let > 0" ja, =A and ) 2, b, =B,

where A and B are finite, and at least one term of each series is nonzero. Then
>0 oPn = AB for every sequence {p,} obtained by ordering the products if and
only if Y a,, and ) b, converge absolutely. Moreover, in this case, > p, converges
absolutely.
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Proof: Before we start the proof let us recall one way of writing the product is

aobo — a0b1 aobg — aobg
3 T \
a1b0 — a1b1 a162 a1b3
\J T 1
a2b0 — CLle — a2b2 a2b3 cee (2.20)
1
agbo — a3b1 — agbg — agbg

!

First, let {p,} be the sequence obtained by arranging the products {a;b;} ac-
cording to the scheme indicated just above, and define

An:a0+a1+"'+ana Zn:|a0|+|a1|+"'+|an|’

By =bo+bi+ -+ by, = [bo| + [ba] + -+ - + [bal,

B,
P, =po+p1+--+pn, ?n:‘po‘"’—’pl’"i_"'""’pn"

From arrangement, we see that
Py=AoBy, P3=A1B1, Ps= ABy,

and, in general,
P(m+1)271 == AmBm (221)

Similarly,
P(m+1)271 - AmBm (222)

If Y |an| < 0o and > |b,| < oo, then {A,, B} is bounded.
Since P,, < F(mﬂ)z,l, (2.22) implies that {P,,} is bounded.
Therefore, Y |pn| < 00, s0 Y pn converges. Now
Yoo Pn = limpye Py (by definition)
= im0 Pimy1)2-1
= limy,—o0 AmBm (from (2.21))

= AB.

Since any other ordering of the products produces a rearrangement of the absolutely
convergent series y o pp.

Theorem about rearrangements of absolutely convergent series implies that
> |gn| < oo for every such ordering and that Y~ g, = AB.
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This shows that the stated condition is sufficient.

For necessity, again let > 7 p, be obtained from the ordering indicated in
(2.20). Suppose that > 2 p, and all its rearrangements converge to AB. Then
> pn, must converge absolutely (Why).

Therefore, {P,,2_,} is bounded, and (2.22) implies that {A,,} and {B,,} are
bounded.

(Here we need the assumption that neither  a, nor ) b, consists entirely of
zeros. Why?) Therefore, ) |a,| < oo and ) |b,| < co.

2.22 Power Series

Maclaurin and Taylor series: If f has derivatives of all order at xg, then we call
the series

S —w0) = flao)+ o) —a0) + L (0 )

= 21
f" (o)

T !
n:

(x —xo)" + ...

is known as Taylor series for f at the point x = x.
The special case of Taylor series when g = 0, the series is known as Maclaurin

series -
" 0 n O
Zg;n = £(0) + f(0)z + f2(')x2 + ..+ fk(')x" + ...
n=0 ’ '
Examples:
o0 " $2 n
T __ i - _
e’ =) R Ik T S e B S
n=0
00 2n+1 3 5 2n+1
T x T x
1 = —1 [ == - T T e _1 ey
sing = 3 _(=1) ez T tE et gt
n=0
& 2n 2 4 6 2n
x x T x x
= —1)" =1 - =4+ —— — 4+ ... —-1)"
cos = _(=1)" 5.5 ata e Tt gt
n=0
1 o0

n=0

Power Series: An infinite series of the form

o0
Z an(x — xo)",
n=0

where g and ag, a1, ..., are constants, is called a power series in x — xg.
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If g = 0 then power series becomes

o0
E anx".
n=0

Theorem: For the power series Y - an(z — x0)", define R in the extended real
numbers by

1
— = limsup |a, |*/".
R~ limsupfas|

In particular, R =0, R = 0o or 0 < R < co. Then the power series converges

e If limsup,, . |an|'/™ = oo then R = 0 and the power series converges only
for x = xo.

1/n

e If limsup,,_, |an|"/™ =0, then R = oo and the power series converges for all

x.
o If limsup, .. |an|"/" # 0 such that 0 < R < oo, then power series converges
for x in (xg — R, 29 + R).

e The series diverges if |z — xo| > R.

e No general statement can be made concerning convergence at the endpoints
x = z9+ R and x = zo— R : the series may converge absolutely or conditionally
at both, converge conditionally at one and diverge at the other, or diverge at
both.

Theorem: For the power series Y ° an(z — x0)", define R in the extended real
numbers by
1
— = limsup |a,|"/™.
7 = limsup fa,|

Proof: Put y =z — xg, ¢, = a,y™ and apply the root test

lnsup a7 = Jy| lim sup fan [ = .
n—o0 n—o0o R

Remark: R is called the radius of convergence of the power series and (zo — R, zo+
R) is known as interval of convergence.

Example: For the power series

Z sin;zr/G (x—1)",
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what is a,, rg and R?

Solution: For R, we have

. 6 1/n
limsup |a,|'/" = limsup <|s1nmr/>
n—oo n—o0 2n

1
= = limsup(|sinnx/6])/"
2 pooo
1 1
2( ) 2

Therefore, R = 2 and Theorem about the convergence of power series implies
that the series converges absolutely uniformly in closed subintervals of (—1,3) and
diverges if x < —1 or z > 3.

Remark: The Theorem about the convergence of the power series does not tell us
what happens when z = —1 or x = 3. we can see that the series diverges in both
these cases since its general term does not approach zero.

Example: For the power series
x'fl
P
what is a,, rg and R?

Solution: For R, we have

1/n 1 1
lim sup \anll/" = lim sup () = lim sup exp < log > =¥ =1.
n—00 n—00 n n—00 n n
Therefore, R = 1 and the series converges absolutely uniformly in closed subintervals
of (—1,1) and diverges if |z| > 1.
For x = —1 the series becomes > (—1)"/n, which converges conditionally, and

at © = 1 the series becomes Y 1/n, which diverges.

Theorem: The radius of convergence of > a,(x — x¢)™ is given by

an+1
Gn

— = lim
n—oo

if the limit exists in the extended real number system.

Proof: It is sufficient to show that if

an+1
Gn

L= lim

n—o0

exists in the extended real number system, then

L = limsup |a,|*/™.

n—oo
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Let 0 < L < o0, if
Gn+1
Qn

L= lim

n—o0

holds with 0 < L < oo and 0 < € < L, there is an integer N such that

Am+1
am

L—e< <L+e if m2>N,

SO
lam|(L = €) < |ams1| < lam|(L +¢) if m> N.

By induction,
lan|(L — )" < |an| < lan|(L+&)" N if n>N.
Therefore, if
K =lan|(L —)™ and Ky =|an|(L+¢)7V,

then
KY™L =€) < Jan|™ < KY™(L + ). (2.23)

Since lim,, oo K'/" = 1 if K is any positive number, (2.23) implies that

L — ¢ < liminf |a,|™ < limsup |a,|"/" < L +¢.
n—oo

n—oo

Since € is an arbitrary positive number, it follows that

lim |a,|'/™ = L,
n—oo

hence the proof.

Example: Determine the radius of convergence for the power series

n

>
nl’

Solution: We have

Therefore, R = oo; that is, the series converges for all z.

Example: Determine the radius and interval of convergence for the power series

Z nlz".
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Solution:We have

An+1
Qn

1!
= lim m: lim (n+ 1) = oo.

n—o00 n! n—o00

lim

n—oo

Therefore, R = 0, and the series converges only if z = 0.

Example: Find the interval of convergence for the power series

(__1)n 2n
Z 2 © (p = constant), (2.24)

Solution: The given power series has infinitely many zero coefficients (of odd powers
of z).

However, by setting y = x?

, we obtain the series

(="
L 229
which has nonzero coefficients for which

o LA SN SO A S|
T T ) dnoe\Th) Ta

an+1
an,

lim

n—o0

Therefore, (2.25) converges if |y| < 4 and diverges if |y| > 4.
Setting y = 22, we conclude that (2.24) converges if |z| < 2 and diverges if

|z| > 2.



CHAPTER 3

Continuity

Function: A rule f that assigns to each member of a nonempty set D a unique
member of a set Y is a function from D to Y. The relationship between a member
z of D and the member y of Y that f assigns to x as

y = f(x).

The set D is the domain of f, denoted by Dy. The members of Y are the possible
values of f.

If yo € Y and there is an zg in D such that f(z¢) = yo then we say that f
attains or assumes the value yg. The set of values attained by f is the range of f.

A real-valued function of a real variable is a function whose domain and range are
both subsets of the real numbers.

Examples: Consider the functions
f(z) =22 g(x)=sinz, and h(z)=€".
The functions f, g, and h defined on the extended real number system (—oo, 00).
e The range of f is [0, c0).
e The range of g is [—1,1].

e The range of h is (0, 00).

The equation
[f(2)]* ==

does not define a function except on the singleton set {0}. If < 0, no real number
satisfies the [f(x)]? = z, while if + > 0, two real numbers satisfy [f(z)]?> = .
However, the conditions

[f@)2 =2 and f(z)>0

define a function f on Dy = [0, 00) with values f(z) = /.
Similarly, the conditions

lg(x)> =2 and g(x) <0
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define a function g on Dy = [0,00) with values g(x) = —y/z. The ranges of f and
g are [0,00) and (—o0, 0], respectively.

We first define the Cartesian product X x Y of two nonempty sets X and Y to
be the set of all ordered pairs (z,y) such that x € X and y € Y’; thus,

XxY={(z,y):zeX,ye Y}

If (x,y) and (z,y1) are in f, then y = y;. The set of ’s that occur as first members
of f is the of f.

If z is in the domain of f, then the unique y in Y such that (z,y) € f is the
value of f at x, and we write y = f(z).

The set of all such values, a subset of Y, is the range of f.

If DN Dy #0, then f+g, f — g, and fg are defined on Dy N D, by

(f+9)(z) = f(z)+g(x),
(f=9)(x) = f(z)—g(w),
and

(fo)(x) = f(x)g(x).
The quotient f/g is defined by

for  in Dy N Dy such that g(x) # 0.

Example: Define (f+g)(x), (f—g)(z),(fg)(x) and (f/g), for the functions f(x) =
V4 —2? and g(x) = Vo — 1.

Solution: First of all observe that Dy = [-2,2] and Dy = [1, 00).
Then f +g, f — g, and fg are defined on Dy N Dy = [1,2] by

(f+9) = vad-z?+Ve-1,
(f=9) = vid-—2?—vVue-1,

and

(f9)(@) = (V4 —2?) (Vo —1) = /(4 — 2?)(x - 1).
The quotient f/g is defined on (1, 2] by

Although the last expression in (??) is also defined for —oo < z < —2, it does not
represent fg for such z, since f and g are not defined on (—oo, —2].
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3.1 Limits

The tangent line problem: Given a function f and a point P(xg,yo) on its graph,
find an equation of the line that is tangent to the graph at P.

The area problem: Given a function f, find the area between the graph of f and
an interval [a, b] on the x-axis.

| Secant
line

| Secant
line

w

Figure 3.1: Tangent line as a limit of secant line

Figure 3.2: Area under the curve as limit
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2

Example: Examine the behavior of the function f(x) = 2 —z + 1 for  values

closer to 2.

iy ———————

y=f)=x-x+1

AW

X—= 2 X

Figure 3.3: Limit z — 2

3.1.1 Limits (An informal view)

If the values of f(z) can be made as close as we like to L by taking values of x
sufficiently close to a (but not equal to a), then we write
lim f(x) = L.

Sometimes it is also written as

f(z) = L, as r — a.

Example: Investigate the limit

e - R — )
T T
|
Yol
\‘

Figure 3.4: Limit x — 1 when f(z) is not defined at x =1

Example: Investigate the limit
sinx

im
z—0 T



3.1. Limits 77

Figure 3.5: Limit x — 0 when f(x) is not defined at x =0

Example: Investigate the limit

lim —.
z—0 T

Ay

]

Figure 3.6: Limit x — 0

3.1.2 Formal Definition of Limit

We say that f(z) approaches the limit L as x approaches x(, and write

lim f(z) =1L,

T—T0

if f is defined on some deleted neighborhood of zg and, for every € > 0, there is a
0 > 0 such that

|f(z) — L] <e, whenever 0 < |z — 29| < 4. (3.1)

Example: For the function defined by f(x) = cz, where ¢ € R. Show that

lim f(x) = cxo.
T—T0
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Solution: We write
|f(z) — cxo| = |cx — cxo| = |c]|x — z0].

If ¢ # 0, this yields
|f(@) — cxol <€
if
|z — o] <,

where ¢ is any number such that 0 < § <¢e/|c|.
If ¢ =0, then f(x) — cxo =0 for all z, so |f(z) — cxo| < € holds for all x.

Example: Prove that lim,_,2(3z —5) = 1.
Solution: See Lecture.

Example: For the function

1
f(x) =zsin—, z#0,
show that
:llir(l) f(z) =0.

Solution: Even though f is not defined at xg = 0, because if
0<|z|<d=c¢,

then
|f(z) = 0] =

On the other hand, the function

1
xsin) <lz| <e.
X

1
g([IJ):Sil’l*, $7é07
xT

has no limit as x approaches 0, since it assumes all values between —1 and 1 in every
neighborhood of the origin.

Theorem: If lim,_,,, f(x) exists, then it is unique.

Proof: Suppose that limit of the function exists and it is L1 and Lo. Let € > 0.
From definition of the limit, there are positive numbers d; and d2 such that

|f(.%‘)—Li|<€ if 0<‘l’—l‘0|<5i, 1=1,2.
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If 6 = min(dy, d2), then
[Ly = Lo| = [L1— f(z)+ fz) — Lo
<|Ly = f(z)| +|f(x) — Lol <2 if 0<|z—x0| <0
We have now established an inequality that does not depend on z; that is,
|L1 — Lo| < 2¢.

Since this holds for any positive €, L1 = Lo.

Theorem: If
zh—>na:10 f(z)=L; and xlggo g(x) = La. (3.2)
then
T (F o)) = LatLs,
Am (f—g)() = L1 - Ly,
lim (fg)(w) = LlLQ,
T—xQ
. / Ly
| = = — L 0.
xg%(g (x) I, 2 #

Proof: From (3.2) and definition of the limit, if € > 0, there is a 61 > 0 such that

[f(z) — L1 <e (3.3)
if 0 < |z — x| < 41, and a d2 > 0 such that
l9(x) — La| < e (3.4)
if 0 < |x — x| < d2. Suppose that
0 < |z — zo| < § = min(dy, d2), (3.5)

so that (3.3) and (3.4) both hold. Then
[(f £ 9)(x) = (Li £ L2)| = |(f(x) = L1) £ (9(z) — L2)|
< |f(z) = La| + |g(z) — La| < 2e,

which proves (3.3) and (3.3).
We write

|(fg)(z) — LiLa| = |f(z)g(x) — L1Ls]

|f

= |f(z)(g(z) — L2) + La(f(z) — L1)|
< |f(@)llg(@) — Lo| + |Lo||f(z) — L1
< (If(@)] + |L2])e
< ([f(z) = Li| + [La| + |L2|)e
< (e + |L1] + |L2)
< (1 + L] + |L2|)e
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First observe that if Lo # 0, there is a 63 > 0 such that

L L .
o)~ Lal < 22 gt > B2 i 0 <o o] <y

Now suppose that 0 < |z — 2| < min(dy, d2, d3). Then

‘<f> (w)_ﬂ M_ﬂ _ |Laf(z) — L1g(z)|
g Ly g(m) Lo |9(2) L |

2\L2f( x) — Lig(z)|

= 1|
2
- |2 | La[f (z) = La] + La[L2 — g(a)]]

|L P [1La|[f(2) = La| + | La | Ly — g(2)]]

2
< (il +1LaDe
Example: Find
9 — 22

: .2
lim — and il_)f%(g %) (x4 1).

Solution: If c is a constant, then lim;_,,, ¢ = ¢, and limy_,;, © = xg. Therefore

lim (9 — x2) = lim 9 — lim 22
z—2 T—2 T—2
= lim 9 — (lim z)?
r—2 T—2
= 9-22=5,
and
lim(z+1)=limz+liml=2+1=3.
r—2 r—2 r—2
Therefore,
. 9—2% limg,0(9—2%) 5
lim = — = —
=2 x+ 1 lim, _,9(x + 1) 3
and

lim (9 — 2?)(z + 1) = lim(9 — 2?) lim(z +1) = 5-3 = 15.

r—2 r—2 r—2

Example: The function

f(z) =2z sinyx

satisfies the inequality

|f(x)] <e, whenever 0 <z <0 =¢/2.
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However, this does not mean that lim,_,o f(x) = 0, since f is not defined for negative
T.

Example: The function

€T
gy =2+ 2w

(z) = rz+1, x>0,
I\E) = r—1, x<0;

can be rewritten as

hence, every open interval containing xg = 0 also contains points x; and x2 such
that |g(x1) — g(z2)]| is as close to 2 as we please. Therefore, lim,_,4, g(x) does not
exist.

Although f(x) and g(z) do not approach limits as x approaches zero, they each
exhibit a definite sort of limiting behavior for small positive values of =, as does
g(z) for small negative values of . The kind of behavior we have in mind is defined
precisely as follows.

Example: Investigate the limit

lim —.
z—0 T

Ay

]

3.2 One Sided Limits

We say that f(x) approaches the left-hand limit L as x approaches xo from the left,
and write

lim f(zx)=1L,

Tr—To—

if f is defined on some open interval (a,zo) and, for each € > 0, there is a 6 > 0
such that
|f(z) =Ll <e if x0—-6<x<x.

We say that f(z) approaches the right-hand limit L as x approaches xo from the

right, and write
lim f(z) =L,

r—xo+
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if f is defined on some open interval (xg,b) and, for each £ > 0, there is a § > 0
such that
|f(x) =Ll <e if zg<z<xo+0.

Example: Let

= — in — 1' = 0
oe) = —wsin >, lim g(x) =0,
since )

lg(x) — 0] = xsin’ <l|z|<e
T
if —e < x < 0; that is, we have § = e.
If x > 0, then

o) = (2 +a)sin

which takes on every value between —2 and 2 in every interval (0, ).

Hence, g(z) does not approach a right-hand limit at z approaches 0 from the
right. This shows that a function may have a limit from one side at a point but fail
to have a limit from the other side.

Example: Prove that

lim v/z = 0.

z—0*t

Solution: See Lecture.

Example: Show that
lim <|$’ + :1:) = 1, lim (|$| + x> = -1,
r—0+ x z—0— xT

Solution: See Lecture

Theorem: A function f has a limit at xg if and only if it has left- and right-hand
limits at xg, and they are equal. More specifically,
lim f(z)=1L
T—x0
if and only if
lim f(z)= lim f(z)=L.

T—x0+ T—T0—
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3.3 Limits at +oc0

If f is defined on an interval (a, 00), then f(x) approaches the limit L as x approaches
o0, and write

lim f(x)=L.

T—r00

For each € > 0, there is a number 3 such that

|f(x) - Ll <e it ©>p.

L+e

. /\

L-¢ /
lim  f(x)=L
X— o0

= —

Figure 3.7: Limits at £o00

Examples: Let

1 2
flz)=1- 22 g(x) = 1 _|f|$7 and  h(x) =sinzx.
Find limits when x — +o0.
Solution: We have
lim f(z) =1,
since
F@) -1 =5 <ec if o>
z)—1ll=—=<e if x>—.
22 VE
We have
lim g(z) =2,
since ) ) ) )
\g(ac)—Q]:‘ ’ —2‘:<<5 if x>-.

14z 1+ =z €

However, lim,_,o h(x) does not exist, since h assumes all values between —1
and 1 in any semi-infinite interval (7,00). Discuss the limits at x — —o0.
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and ]
= S' -,
pla) = sin -
1 .1
q(z) —zsin—

3.4 Infinite Limits

Infinite limits: We say that f(z) approaches co as x approaches xo from the left,
and write

m_ f(z) = co.

If f is defined on an interval (a,xg) and, for each real number M, there is a
0 > 0 such that

fl@)>M if zy—0<z<umx.

Similarly, we can define the following limits

lim f(z)=—-o00, lim f(z) =00, lim f(x)=—o0c.

T—xo— T—xo+ T—xo+
.1
lim — = —oo,
z—=0— X
.1
lim — = oo
z—0+ T
1 . 1
lim — = lim — = o0
rz—0— T z—0+ T
1
hm—2 = 00;
z—0 T
lim 22 = lim 2% = oo
T—r00 T—r—00
Example: If

f(z) = e*® — e,

we cannot obtain lim,_,~ f(x) by writing

lim f(z) = lim e** — lim €7,

because this produces the indeterminate form oo — oo.
However, by writing

flz)=e(1—e"),
we find that

lim f(z) = (lim eh) <lim 1— lim e_z> =00(1 —0) = 0.

T—00 T—r 00 T—00 T—00
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Example: Find
. 2% —x+1
lim ———.
z00 312 4+ 2 — 1

Example: Find

e |
lim 1 .
z—=1x*—1
#2, T < =2,
fl@)=9 22 -5 —2<2<3,

ve+13, x> 3.

3.5 Continuity

Continuity (Informal):

e We say that f is continuous at xo if f is defined on an open interval (a,b)
containing xo and

lim f(z) = f(zo).

Tr—T0

e We say that f is continuous from the left at xq if f is defined on an open
interval (a,xo) and

lim _ f(z) = f (o).

T—rx0—

e We say that f is continuous from the right at xq if f is defined on an open
interval (x0,b) and
li = :
im (@) = f(z0)

Continuity (Formal):

e A function f is continuous at zg if and only if f is defined on an open interval
(a,b) containing o and for each € > 0 there is a 6 > 0 such that

|f(x) — f(xo)| <& whenever |z — x| <.

e A function f is continuous from the right at xg if and only if f is defined on
an interval [zg,b) and for each € > 0 there is a ¢ > 0 such that

|f(z) — f(zo)] <& whenever zy <z <z +0.
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e A function f is continuous from the left at xg if and only if f is defined on an
interval (a, xo] and for each € > 0 there is a § > 0 such that

|f(x) — f(xo)| <e whenever zy—6d <z < xo.

Example: Discuss the continuity of f defined on [0, 2] by

2
e, 0<x <1,
f(x)_{x+1, 1<z<2

Solution:
dm f(x) = 0=f(0),
Jim f@) = 1#f(1)=2
lim f@) = 2= (1),
Jim () = 3=f(2)

Therefore, f is continuous from the right at 0 and 1 and continuous from the left at
2, but not at 1.

Example: Discuss the continuity of f defined on [0, 2] by

f(x):{x2’ 0<z<1,

z+1, 1<x<2

Solution: If 0 < z, g < 1, then

(@) = fao)l = |2 —af| = |z — o] |2 + o

< 2z —xol <e i |x—mo| <e/2.
Hence, f is continuous at each g in (0,1). If 1 < z, zy < 2, then

[f(z) = flzo)l = [(@+1) = (20+1) = |z — o
< e if  Jz—xo| <e.

Hence, f is continuous at each xg in (1,2).
A function f is continuous on an open interval (a,b) if it is continuous at every
point in (a,b).
If, in addition,
lim f(2) = /()

z—b_
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and

lim = f(a)

T—a4

Example: Discuss the continuity of f(z) = +/z, 0<z < 0.
Solution: Consider

If(x) = f0)|=vz <e if 0<z<e?
so lim, o, f(x) = £(0).

If xo > 0 and = > 0, then

|z — 0]

VRN

<e if |z — x| < ey/xo,

[f(2) = flzo)l = V& —ao| =
|z — o
Ve
so limy—4, f(x) = f(x0). Hence, f is continuous on [0, c0).

1

sin

Example: Discuss the continuity of g(x) =

Solution: The function is continuous on

o0

S = U (n,mn+1).

n=—oo

The function ¢ is discontinuous on at any zp = n (integer), since it is not defined

at such points.

3.6 Piecewise Continuous Functions

Piecewise continuous function: A function f is piecewise continuous on [a, b] if

o limy g, f() exists for all zo in [a, b);

o lim, ,,, f(x) exists for all zo in (a,bl;

° limx_mO+ f(z) =limg,, f(z)= f(zo) for all but finitely many points z¢ in

(a,b).
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Example: Discuss the following function

1, =0,
z, 0<z<l,
2, z=1,
fle) = r, 1<zx<2,
-1, 2<z<3,
0, ==
Solution See lecture for explanation.

Figure 3.8: Graph of the function

Example: Discuss the following function

1
sin, x#0,

0, z =0,

Solution: The function is continuous at all zg except xg = 0.

As x approaches 0 from either side, f(z) oscillates between —1 and 1 with ever-
increasing frequency, so neither lim, o, f(z) nor lim, .o_ f(z) exists.

Therefore, the discontinuity of f at 0 is not a jump discontinuity, and if p > 0,
then f is not piecewise continuous on any interval of the form [—p,0], [—p, p], or

[0, p].

Theorem: If f and g are continuous on a set S, then so are f + g, f — g, and fg.
In addition, f/g is continuous at each xg in S such that g(zg) # 0.

Proof: See Lecture.
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Example: Discuss the continuity of the following function

9 — 22

r(x) = 1

Solution: See Lecture.

3.7 Removable Discontinuity

It can be shown that if fi, f2, ..., f, are continuous on a set .S, then so are

i+ fot+ frnand fife-- fo
Therefore, any rational function

() ap +a1x + - + apT"
rir) =
bo + bix + -+ + bpa™

is continuous for all values of x except those for which its denominator vanishes.

Removable discontinuity: Let f be defined on a deleted neighborhood of xg
and discontinuous (perhaps even undefined) at xp. We say that f has a removable
discontinuity at g if lim,_,4, f(2) exists.

In this case, the function

fx) if x € Dy and = # o,
9(z) =4 .
limg_yq f(z) if 2 = o,

is continuous at xg.

Example: Consider the function

1
f(z) = xsin =

Solution: The function is not defined at xg = 0, and therefore certainly not
continuous there, but lim,_,o f(x) = 0.

f(z) if x € Dy and x # w0,
g(x) =19 _
limg_yz, f(z) if 2 = o,

The function 1

r) = sin —
fi(z) .
is undefined at 0 and its discontinuity there is not removable, since lim, ¢ fi(z)

does not exist.

Composition of functions: Suppose that f and g are functions with domains D
and Dy.
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If Dy has a nonempty subset 1" such that g(x) € Dy whenever x € T', then the
composite function f o g is defined on T by

(fog)(x) = flg(x)).

Example: If
1

f(x)=logz and g(x)= =2

Can we define f o g7
Solution: The domain of the given functions are
Dy =(0,00) and Dyg=x€cR/x#*l.
Since g(z) > 0 if z € T' = (—1,1), the composite function f o g is defined on

1

1—22

(fog)(z) =log

Can we define g o f7

The function g o f is defined on (0,1/e) U (1/e,e) U (e,00) by

(go fz) = 1—(12‘337)2'

Theorem: Suppose that g is continuous at zg, g(xg) is an interior point of Dy, and
f is continuous at g(z¢). Then f o g is continuous at xg.

Proof: Since g(xo) is an interior point of Dy and f is continuous at g(zo), for every
€ > 0 there is a §; > 0 such that f(¢) is defined and

[f(t) = flg(xo))| <e if |t —g(xo)] < 1.
Since g is continuous at xg, there is a § > 0 such that g(z) is defined and
l9(z) — g(zo)| < b1 if |z —=zo| <4
We can imply that

[f(9(@)) = flg(@o))| <e if [z —zo| <6

Therefore, f o g is continuous at xg.

Example: For the functions




3.8. Bounded Functions 91

Check the continuity of f o g.

Solution: The function f is continuous for x > 0, and the function g is continuous
for x # —1.
Since g(z) > 0if x < =3 or —1 < x < 3, the composite function

9 — 2

(Fog)) = /==

is continuous on (—oo, —3) U (—1, 3).

It is also continuous from the left at —3 and 3.

3.8 Bounded Functions

Bounded below function: A function f is bounded below on a set S if there is a
real number m such that
f(x) >m forall z € S.

In this case, the set

V={f(z):z €S}

has an infimum «, and we write

a = inf f(z).

zeS

If there is a point z; in S such that f(z1) = «, we say that « is the minimum
of f on S, and write

o= glelgf(x)

Bounded above function: A function f is bounded above on S if there is a real
number M such that f(x) < M for all z in S.
In this case, V' has a supremum [, and we write

B = sup f(x).

€S

If there is a point x9 in S such that f(z2) = 8, we say that § is the mazimum
of f on S, and write
B = max f(x).

€S

If f is bounded above and below on a set S, we say that f is bounded on S.

Example: The function

_l’_

%, r=0 or x=1,
g(x) =

-z, O<z<l,
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is bounded on [0, 1], and

0211;19(%) =1, nf g(z)=0.

Therefore, g has no maximum or minimum on [0, 1], since it does not assume either
of the values 0 and 1.

Example: The function
hMz)=1—2z, 0<z<I,

which differs from g only at 0 and 1, has the same supremum and infimum as g, but
it attains these values at x = 0 and = = 1, respectively.
Therefore,

max h(zx) =1 and min h(z) = 0.
0<z<1 0<z<1

Example: The function

f(x) = e®@ Vgin 0<z<1,

z(z—1)’

oscillates between +e*(=1) infinitely often in every interval of the form (0,p) or
(1 —p,1), where 0 < p < 1.

Furthermore, we have

sup f(z)=1, inf f(z)=—1.

0<z<1 0<z<1

However, f does not assume these values, so f has no maximum or minimum on

0,1).

Theorem: If f is continuous on a finite closed interval [a, b], then f is bounded on
[a, b].

Proof: Suppose that ¢t € [a,b]. Since f is continuous at ¢, there is an open interval
I} containing ¢ such that

If(x) = ft)] <1 if xzel;Nla,b].

The collection H = {I; : a <t < b} is an open covering of [a, b].
Since [a, b] is compact, the Heine-Borel theorem implies that there are finitely

many points t1, t2, ..., t, such that the intervals Iy , I1,, ..., I;, cover [a,b].
According to continuity of the function and with ¢t = ¢;,

|f(z) = ft;)| <1 if x€lNla,bl.
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Therefore,

[f(@)] = |(f(z) = f(t:) + f)] < [f(x) — f(E)] + | ()]
< 1+|ft)| if ze€l,Nla,bl.

Let

M=1 ;).
+ max |f(t:)]

Since [a,b] C U (It; N [a,b]), and we have |f(z)] < M if z € [a,b].
Theorem: Suppose that f is continuous on a finite closed interval [a,b]. Let

a= inf f(z) and S = sup f(z).
asz<b a<z<b
Then « and [ are respectively the minimum and maximum of f on [a,b]; that is,
there are points z1 and 2 in [a, b] such that

f(x1) =a and f(xq) = 0.

Proof: Suppose that there is no z; in [a,b] such that f(z1) = a. Then f(z) > «
for all = € [a,b]. We will show that this leads to a contradiction.

Suppose that ¢ € [a,b]. Then f(t) > a, so

f(t)>f(t)2+a>oz.

Since f is continuous at t, there is an open interval I; about ¢ such that

ft) +a

f(z) > 5 if xelina,b. (3.6)
The collection H = {I; : a <t < b} is an open covering of [a, b].

Since [a, b] is compact, the Heine-Borel theorem implies that there are finitely

many points t1, to, ..., t, such that the intervals Iy, I1,, ..., I;, cover [a,b].
Define
o f) o
a1 = min ——%——.
1<i<n

Then, since [a,b] C Ui—; (I, N [a,b]), (3.6) implies that
fit) >ai, a<t<b.

But a1 > «, so this contradicts the definition of o. Therefore, f(z1) = « for some
x1 in [a, b].
Consider the function

glx)=1-(1—12x) sinl, (0, 1].

X
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The function g(x) is continuous and has supremum 2 on the noncompact interval
(0,1].

Since

o1

sin —
T

< 1+4(1-2)<2 if 0<z<l1.

IN

9(x) 1+ (1 -2

But does not assume its supremum on (0, 1].
Consider the function

flx)=e".
The function f(x) is continuous and has infimum 0, which it does not attain, on
the noncompact interval (0, 00).

3.9 The Intermediate Value Theorem

Theorem: Suppose that f is continuous on [a,b], f(a) # f(b), and u is between
f(a) and f(b). Then f(c) = p for some c in (a,b).

Proof: Suppose that f(a) < p < f(b). The set
S=z:a<zx<b and f(z)<p
is bounded and nonempty.
Let ¢ =sup S. We will show that f(c) = p.

If f(¢) > p, then ¢ > a and, since f is continuous at ¢, there is an € > 0 such
that f(z) >pifc—e <z <ec.

Therefore, ¢ — € is an upper bound for S, which contradicts the definition of ¢
as the supremum of S.

If f(c) < p, then ¢ < b and there is an € > 0 such that f(z) < pfor ¢ <z < c+e,
S0 ¢ is not an upper bound for S.

This is also a contradiction. Therefore, f(c) = pu.

3.10 Uniform Continuity

A function f is continuous on a subset S of its domain if for each € > 0 and each
xg in S, there is a § > 0, which may depend upon xo as well as €, such that

|f(z) = f(zo)] <e if |z—ax0|<d and € Dy.

A function f is uniformly continuous on a subset S of its domain if, for every € > 0,
there is a > 0 such that

|f(x) — f(2)| < & whenever |z —2'| <6 and z,2" € S.
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Example: Check the uniform continuity of the function

flx) =2z,

Solution: For the function f(z), we have
|f(z) — f(@")|=2|z—2|<e if |z—12'|<e/2
The function f(x) is uniformly continuous on (—o0, c0),

Remark: A function f is not uniformly continuous on S if there is an €5 > 0 such
that if § is any positive number, there are points  and z’ in S such that

|z — 2| <6

but
|f(z) — f(2)] > eo.

2

Example: Show that the function g(x) = x* is uniformly continuous on [—r,r] for

any finite r.

Solution: To see this, note that
—(@")? = |z — 2| |z + 2| < 2r|x — 2|,
S0

lg(x) — g(2)] < e if |x—x’|<5:2€—r and —r <uz,2’ <.

2

Example: The function g(x) = z* is not uniformly continuous on (—oo, 00).

Solution: To see this, we will show that if 6 > 0 there are real numbers x and z’

such that
w—a/|=5/2 and g(z) — g(a’)| > L.

To this end, we write

2 (a:')2| = |z —2'||z + 2|

If |z —2/| = /2 and z, 2’ > 1/6, then

0 (1 1
o / - - - _
|z w[|x+x!>2<5+5>—1.
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Example: The function

f(x) = cos 1

x

is continuous on (0, 1]

However, f is not uniformly continuous on (0, 1], since
1 1
— | = — )| =2 =1,2,....
()~ ()2 nmre

Theorem: If f is continuous on a closed and bounded interval [a,b], then f is
uniformly continuous on [a, b].

Proof: Suppose that € > 0. Since f is continuous on [a, b], for each t in [a, b] there
is a positive number §; such that

|f($)—f(t)|<% if |x—t| <20 and z € [a,bl.

If I; = (t — 0, t + 0¢), the collection
H = {It 1t e [(l,b]}

is an open covering of [a, b].
Since [a, b] is compact, the Heine—Borel theorem implies that there are finitely
many points t1, to, ..., t, in [a,b] such that Iy,, Iy,, ..., I}, cover [a,b].
Now define
6= min{5t1,5t2,...,5tn}. (37)

We will show that if
|z —2'| <& and 2’ € [a,b], (3.8)

then |f(x) — f(2)] < e.

From the triangle inequality,

F@) ~ £ = ()~ FE) + (Flt) — F) 59
< f@@) = fE)]+ [f(E) = f(@)]. '
Since Iy, Iiy, ..., Iy, cover [a,b], z must be in one of these intervals. Suppose

that x € I, ; that is,
|z — t,| < 0y,. (3.10)

From continuity condition with ¢t = ¢,,

[f(z) = ft:)] < (3.11)
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From (3.8), (3.10), and the triangle inequality,
|7/ —t| = |2/ —2)+ (x —t,)| < |2’ — x| + |z — .| <&+ 5, < 26,.
Therefore, from continuity condition with ¢ = ¢, and x replaced by 2’ implies that

@) = ()] < 5.

This, (3.9), and (3.11) imply that |f(z) — f(2/)] < e.

3.11 Monotonic Functions

Monotonic functions: A function f is nondecreasing on an interval I if
f(z1) < f(x2) whenever z1,20 €1, z1 < z2. (3.12)
or nonincreasing on I if
f(z1) > f(x2) whenever z1 and x5 are in I and 21 < x9. (3.13)

In either case, f is on I.

If < can be replaced by < in (3.12), f is increasing on I. If > can be replaced by
> in (3.13), f is decreasing on I. In either of these two cases, f is strictly monotonic
on /.

Example: The function

is nondecreasing on I = [0, 2].

2 3

Example: The function g(x) = 2 is increasing on [0, c0). The function h(z) = —z

is decreasing on (—o00, 00).
Theorem: Suppose that f is monotonic on (a,b) and define

a= inf f(zr) and B = sup f(z).

a<x<b a<z<b
1. If f is nondecreasing, then lim,_,,, f(z) = o and lim,_;,  f(x) = 5.

2. If f is nonincreasing, then lim, ,q, f(z) = § and lim,; f(z) = «. (Here
a+ = -0 if a = —00 and b— = o0 if b = 0.)
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3. If a < zg < b, then limgc_,wOJr f(z) and lim,_,,;, f(x) exist and are finite;
moreover,

lim f(z) < f(zo) < lim f(x)

T—x0_ :C—)CC()+

if f is nondecreasing, and

lim () > f(zo) > lim f()

T—To_ T—=To
if f is nonincreasing.
Proof: We first show that lim, .., f(z) = a.
If M > a, there is an ¢ in (a, b) such that f(xg) < M. Since f is nondecreasing,
f(xz) < M if a < x < 9. Therefore, if o = —o0, then lim,_,,, f(z) = —o0.

If a > —o0, let M =a+ ¢, where € > 0.
Then o < f(x) < a+¢, so

f(z) —al<e if a<z<uxo. (3.14)

If a = —o0, this implies that f(—oc0) = a. If @ > —o0, let § = xg — a. Then
(3.14) is equivalent to

lf(z) —al<e if a<z<a+y,

which implies that f(a+) = a.

We now show that lim,_;,_ f(z) = 5.

If M < B, there is an zg in (a,b) such that f(zg) > M.

Since f is nondecreasing, f(x) > M if xg < x < b. Therefore, if 5 = oo, then
limgp_ f(z) = 0.

If B <o0,let M =p—c¢, where ¢ > 0. Then f—e < f(z) < f, so

|f(x)—pl<e if xp<ax<b. (3.15)

If b = oo, this implies that f(oco) = . If b < o0, let 6 = b — xy.
Then (3.15) is equivalent to

|f(z) =Bl <e if b—0<z<b,

which implies that f(b—) = 5.

3.12 Limits Inferior and Superior

Suppose that f is bounded on [a,x(), where xg may be finite or oco.

For a < x < x, define

Sy(wizo) = sw f(t)
It(z;00) = inf  f().

r<t<zo
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Then the left limit superior of f at xqg is defined to be

limsup f(z) = lim Sy(x;x0).

T TT0_
The left limit inferior of f at xg is defined to be

liminf f(xz) = lim I¢(x;20).

T—T_ T—rT0_
(If 29 = o0, we define xp— = 00.)

Theorem: If f is bounded on [a,x¢), then § = limsup,_,,  f(x) exists and is the
unique real number with the following properties:

1. If € > 0, there is an a; in [a,x0) such that

flz)<pB+e if a <z<uxo.

2. If e > 0 and ay is in [a, zg), then

f(Z) > B —¢ for some T € [ay,x0).

Theorem: If f is bounded on [a,zg), then o = liminf,,,, f(z) exists and is the
unique real number with the following properties:

1. If € > 0, there is an a; in [a,z() such that

flx)>a—e if a <z <.

2. If e > 0 and a; is in [a, zg), then

f(@) <a+e forsomeZ € [ar,xp).

Theorem: Suppose that f is monotonic on (a,b) and define

a= inf f(z), B= sup f(z)

a<z<b a<z<b
1. If f is nondecreasing, then lim, 4, f(z) = @ and lim,_;,  f(z) = 3.

2. If a < xg < b, then limx_mw f(z) and lim,_,,, f(x) exist and are finite;
moreover,

lim f(x) < f(zo) < lim f(a).

T—x0_ x—>x0+
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Theorem: If f is monotonic and nonconstant on [a, b], then f is continuous on [a, b]
if and only if its range Ry = {f(x) : « € [a,b]} is the closed interval with endpoints

f(a) and f(b).

Proof: We assume that f is nondecreasing. The theorem implies that the set ﬁf =
{f(z): 2z € (a,b)} is a subset of the open interval (limy_,. f(z),lim,—p_ f(2)).
Therefore,

Ry ={f(@}U Ry U{f(D)} € (@} U (Jim f(@), lim f@)U{FB)}). (3.16)

Now suppose that f is continuous on [a,b]. Then f(a) = limzq, f(2),
lim,,_ f(xz) = f(b). So (3.16) implies that Ry C [f(a), f(b)].

If f(a) < p < f(b), then by Intermediate Value Theorem implies that p = f(x)
for some z in (a,b). Hence, Ry = [f(a), f(D)].

For the converse, suppose that Ry = [f(a), f(b)]. Since f(a) < limg 4, f(z) and
lim,_p,_ f(x) < f(b), (3.16) implies that f(a) = lim,_,,, f(z) and lim,_;,_ f(z) =
f(0).

We know that if f is nondecreasing and a < xg < b, then

lim _f(2) < f(w0) < lim f(z).

T—Tro—

If either of these inequalities is strict, R; cannot be an interval. Since this
contradicts our assumption, lim,_,,, f(z) = f(zo) = limgc_mmr f(x).

Therefore, f is continuous at xg. We can now conclude that f is continuous on
[a, b].

Theorem: Suppose that f is increasing and continuous on [a,b], and let f(a) = ¢
and f(b) = d.
Then there is a unique function g defined on [c, d] such that

9(f(x)) ==z, a<z<bh,

and
floy) =y, c<y<d

Moreover, g is continuous and increasing on [c, d].

Proof: Step I There is a function g satisfying the above two equations.
Step II: Uniqueness of the function g.

Step II: g is increasing and continuous.
Since f is continuous, then for each yg in [c,d] there is an zg in [a, b] such that

f(z0) = yo,

and, since f is increasing, there is only one such xg.
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Define
9(yo) = o, (3.17)

we have

flg(yo)) =y0,  9(f(z0)) = 0.
Since this is true for all zg and yg, so
g(f(@)) =z, a<z<b [fl9ly) =y, c<y<d

The uniqueness of g follows from our assumption that f is increasing, and there-
fore only one value of xy can satisfy f(z9) = yo, for each yo.

To see that g is increasing, suppose that y; < y2 and let 1 and x3 be the points
in [a,b] such that f(z1) = y; and f(x2) = yo.

Since f is increasing, x1 < x3. Therefore,

g(y1) = 21 < x2 = g(y2),

S0 g is increasing.

Since Ry = {g(y) : y € [c,d]} is the interval [g(c), g(d)] = [a, b], therefore from
theorem, we have proved with f and [a, b] replaced by g and [c, d] implies that g is
continuous on [c, d].

Example: If

Solution: The inverse of the given function is

') =9) =y, 0<y<R%.

Example: If
fle)y=2x+4, 0<ax<2

Solution: The inverse of the given function is



CHAPTER 4

Differentiability

4.1 Derivative

Derivative: A function f is differentiable at an interior point xg of its domain if
the difference quotient
f(z) — f(=o)

T — X0

) w#an

approaches a limit as  approaches zg, in which case the limit is called the derivative
of f at xg, and is denoted by f'(xg).

Thus,
o) — tim T@) I G0)

T—x0 T — X

If we take x = zo + h then

f,(.’,U()> _ }ILIE;% f(xo + h})L — f(l'()) )

e If f is defined on an open set .S, we say that f is differentiable on S if f is
differentiable at every point of S.

e If f is differentiable on S, then f’ is a function on S. We say that [ is
continuously differentiable on S if f’ is continuous on S.

e If f is differentiable on a neighborhood of g, it is reasonable to ask if f’ is
differentiable at zg. If so, we denote the derivative of f" at zo by f”(z0).

e This is the second derivative of f at zo, and it is also denoted by f®(z).
Continuing inductively, if f ("=1) i5 defined on a neighborhood of zg, then the
nth deriwative of f at xo, denoted by f(™(z), is the derivative of f(*~1) at
ZQ-

e This is the second derivative of f at xo, and it is also denoted by £ (z).

e Continuing inductively, if f ("=1) i5 defined on a neighborhood of zg, then the
nth derivative of f at xo, denoted by f(™(zq), is the derivative of f(*~1) at
xIQ-

e For convenience we define the zeroth derivative of f to be f itself; thus

o=
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We assume that you are familiar with the other standard notations for deriva-

tives; for example,

f(2) _ f”, f(3) — f”/,
T _ g,

dx™

Example: If n is a positive integer, find the derivative of the function

f(z) =a"
Solution: We have
n—1
f(x) — f(zo) B " — xg T — X0 an_k_1$18
- - b
Tr — X Tr — X T — X0 =0
n—1
. —k— -1
o) = Jim 3" a4tk =
k=0

Since this holds for every xg, we drop the subscript and write

d n—1

f(x) =na""" or %(m") =nx

Example: Find the derivative of the line y = max + c.

Solution:
f(z) — f(xo)
x — 1z
mz + ¢ — (mxo + ¢)
Tr — X
m(x — o)

r — X

Consequently
f'(zo) = lim m =m.
T—T0

Geometrical interpretation of derivative: The equation of the line through
two points (xo, f(z¢)) and (z1, f(x1)) on the curve y = f(z) is

f(xl) - f(x()) (33‘

1 — X9

- $0).

y = f(zo) +
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Varying z; generates lines through (xg, f(xg)) that rotate into the line

y = f(zo) + f'(x0)(z — o)

as x1 approaches zg. This is the tangent to the curve y = f(x) at the point

(wo, f(20))-

N €« — ¥

Figure 4.1: The tangent lines

Lemma: If f is differentiable at xg, then
f(@) = f(zo) + [f'(z0) + E(2)](z — o),
where E is defined on a neighborhood of xg and

lim E(z) = E(x¢) = 0.

T—T0

Proof: Define

f@)=f(zo) _ p1(, x€Dsand x #x

0, T = T.
Apply that lemma to f(x) = 22 at zo = 3.
4.1.1 Differentiability Implies Continuity
Theorem: If f is differentiable at xg, then f is continuous at xg.
Proof:

f(@) = f(zo) + [f (z0) + E(z)](z — o),

where F is defined on a neighborhood of g and

lim E(x) = E(z) =0.

T—T0



4.1. Derivative 105

where P
L2ZI20)  #(20), « € Dy and x # xo,
B(x) = { pra—— f'(x0) f # o

0, T = x.

Examples:

e f(x) = 22 has derivative f'(z) = 4.
o f(z)= % has derivative f'(z) = ;721

e f(x) =sinz has derivative f'(z) = cosz.
Is continuity implies differentiability?
Counter example: Consider the function
f@) = |z,

The functions can be written as

x, x>0, 1, z >0,
flx) = { = [fl(r)= {

-z, z <0, -1, =z <0,

TG (U T (4.1)
z—0+ = —0 0+ X
lim (z) = F(0) = lim L =-1 (4.2)
z—0— z—0 z—0— X
are different,
o @) = (0)

x—0 z—0

does not exist (Theorem ?7?); thus, f is not differentiable at 0, even though it is
continuous at 0.

Theorem: If f and g are differentiable at o, then so are f+g, f — g, and fg, with
L (f +9)(xo) = f'(20) + g'(x0);
2. (f = 9)'(wo) = f'(x0) — g(x0);
3. (f9)(wo) = f'(z0)g(x0) + f(z0)g (x0).

The quotient f/g is differentiable at z¢ if g(xg) # 0, with

! "(z x0)—f(x0)g' (z
. (5) (z0) = {loolateo)—Flonld'(zs)
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Proof: The trick is to add and subtract the right quantity in the numerator of the
difference quotient for (fg)’'(zo); thus,

f(x)g(x) — f(x0)g(w0)

T — X0
_ [@)g(x) = fzo)g(x) + f(w0)g(x) = f(20)g(x0)
r — o
= LI g 4 ey 2= ol00)

The difference quotients on the right approach f’(x¢) and ¢’(z¢) as « approaches
xo, and limg_z, g(z) = g(xo).

Example: Find % where

s(t) = (5 — t2)t3/2.

Example: Find % where

x4 —52?

y(x>: z—5 -

Lemma: If f is differentiable at xg, then

f(@) = f(xo) + [f (o) + E(x)](z — x0),
where E is defined on a neighborhood of xg and

lim E(x) = E(z) =0.

T—T0

Theorem (The chain rule): Suppose that g is differentiable at zo and f is differen-
tiable at g(xg).
Then the composite function h = f o g, defined by

is differentiable at zg, with

Proof: Since f is differentiable at g(xo), we can write

F(t) = fg(@0)) = [f'(9(x0)) + E@)][t — g(0)];

where

lim E(t) = E(g(x0)) = 0. (4.3)

t—g(zo)



4.1. Derivative 107

Letting t = g(z) yields

flg(@)) = f(g(x0)) = [f'(9(z0)) + E(g(x))]lg(z) — g(x0)].
Since h(z) = f(g(z)), this implies that
(z) — g(x0)

ML) _ (g ) + Blg(a) L =90 (4.4

T — X0 T — xg

Since g is continuous at xp we have

Jm E(g(z)) = E(g(x0)) = 0.

Therefore, (4.4) implies that

h’(xo) = lim M

T—xQ T — X

= f'(g(x0))g' (x0),
as stated.

Example: Calculate the derivative of

1
h(z) = sin -z # 0.

If
f(z)=sinz and g(x)=-—, =z#0,
then ]
M) = flgla) =sin T, w#0,
and
W) = 1ot = (o 1) (<33) . a0

Example: What is wrong in the following justification?

h(z) = h(zo) fg(x)) — f(g(x0))

T — xg T — X0
_ flg(@)) = fg(xo)) g(x) — g(x0)
g9(z) — g(xo) T — T

and arguing that

Jm o(2) = g(w0) = f'(9(z0))

(because limy_,, g(x) = g(zo)) and

o 9(2) = g(0)

T—T0 Tr — X0

= g'(x0)-

Is it a valid proof?
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4.2 One Sided Derivative

One sided derivatives: If f is defined on [xg,b), the right-hand derivative of f at
o is defined to be
f(z) = f (o)

' — lim 2~ V07
fi (o) B

if the limit exists.
If f is defined on (a, z¢], the left-hand derivative of f at xo is defined to be
T—xT0— r — X0
if the limit exists.

The definition of limit implies that f is differentiable at g if and only if f’ (xo)
and f’ (z¢) exist and are equal, in which case

f'(z0) = fi(w0) = f.(x0).
The functions defined by f(z) = |z| and f(z) = |i—| have one sided derivatives.

Example: For the piecewise defined function

Investigate the one sided derivatives.

Solution: For the given function, we have

3z2, x <0,

1 1

2rsing —cos;, x>0.

T
Since neither formula in f(x) holds for all z in any neighborhood of 0, we cannot
simply differentiate either to obtain f/(0).
We will calculate the one sided derivatives

2

. . 22sind — 0 ) 1
lim f(z) = lim —~—— = lim zsin— =0,
z—0+ =0+ x—0 z—0+ T
3 _
£ = tim Z=Y— fim 22 =0

z—0— . — 0 z—0—
hence, f'(0) = f1.(0) = £/ (0) = 0.

Remark: There is a difference between one sided derivatives and one sided limit of
derivative
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4.3 Differentiable Function

Differentiable function: A function f is differentiable on the closed interval |a,b]
if f is differentiable on the open interval (a,b) and f’, (a) and f’ (b) both exist.

Continuously differentiable We say that f is continuously differentiable on [a, b]
if f is differentiable on [a,b], f’ is continuous on (a,b),

fila) = lim f'(2)

r—a+

, and

fL(b) = lim f'(z).

T—b_

4.4 Extreme Values of a Function

We say that f(zo) is a local extreme value of f if there is a 6 > 0 such that f(z) —
f(xg) does not change sign on

(xo — 9,20+ 0) N Dy.
More specifically, f(zo) is a local mazimum value of f if
f(x) < f(zo)
or a local minimum value of f if
f(z) > f(z0)

for all = in the set (xo — d, 20 4+ 0) N Dy.
The point zq is called a local extreme point of f, or, more specifically, a local
maximum or local minimum point of f.

Example: For the function

flx) = |z, —3 <z <3,
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Figure 4.2: Extreme values of a function

Recall the Lemma: If f is differentiable at zq, then

f(@) = f(zo) + [f'(z0) + E(x)](z — x0),

where E is defined on a neighborhood of xg and

lim E(x) = E(z) = 0.

T—T0

Theorem: If f is differentiable at a local extreme point z¢ € D?f, then f'(z¢) = 0

Proof: We will show that x¢ is not a local extreme point of f if f/'(zg) # 0
From Lemma, we have

f(=) = f(20)

—L20) _ f(ag) + E(a),
X Zo

where lim,_,,, F(z) = 0.
Therefore, if f'(xg) # 0, there is a 6 > 0 such that
|E(@)| < |f'(zo)| if |o—a0l<d, ()
and the right side of (*) must have the same sign as f’(x¢) for |x —x¢| < 0. Since the
same is true of the left side, f(x) — f(xo) must change sign in every neighborhood

of xy (since z — xg does).

o If f/(xp) = 0 then z¢ is said to be a critical point.

Recall the following: If a function f is continuous on the closed interval then f
attains its extreme values in the closed interval.

Theorem: If f is differentiable at a local extreme point g, then f/(zg) = 0.
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4.5 Rolle’s Theorem

Theorem: Suppose that f is continuous on the closed interval [a,b] and differen-
tiable on the open interval (a,b), and f(a) = f(b). Then f’(c) = 0 for some c in the
open interval (a,b).

Proof: Since f is continuous on [a,b], f attains a maximum and a minimum value
on [a,b]. If these two extreme values are the same, then f is constant on (a,b), so
f'(z) =0 for all z in (a,b).

If the extreme values differ, then at least one must be attained at some point ¢
in the open interval (a,b), and f’(c) = 0.

4.6 The Mean Value Theorem

Theorem: Suppose that f is differentiable on [a,b], f'(a) # f/(b), and p is between
f'(a) and f’(b). Then f'(c) = p for some ¢ in (a,b).

Proof: Suppose first that
flla) <p < f'(b)
and define

Then
g (@)= f(x) —p, a<z<b,

and by our supposition f'(a) < u < f'(b), we have
g (a) <0 and g¢'(b) > 0.

Since g is continuous on [a, ], g attains a minimum at some point ¢ in [a, b].
Due to Lemma and ¢'(a) <0 and ¢'(b) > 0, imply that there is a § > 0 such
that

g(z) <gla), a<zx<a+d, and g(x)<gd), b—0<z<b.

Therefore ¢ # a and ¢ # b. Hence, a < ¢ < b, and therefore ¢'(c) = 0, by the
fact that if f is differentiable at a local extreme point zo then f’(x¢) = 0. From
, f'(¢) = p. The proof for the case where f'(b) < pu < f’(a) can be obtained by
applying this result to —f.

Theorem: If f is continuous on the closed interval [a,b] and differentiable on the
open interval (a,b), then

for some ¢ in (a, b).
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Proof: The function

W) = [b—alf(z) —[f(b) = fla)]x

is continuous on [a, b] and differentiable on (a, b).
Furthermore

h(a) = h(b) = bf(a) - f(b)a.

Therefore, Rolle’s theorem implies that h'(c) = 0 for some ¢ in (a, b).

Since h'(c) = [b—a]f'(c) — [f(b) — f(a)].

4.7 Generalized Mean Value Theorem

Theorem: If f and g are continuous on the closed interval [a,b] and differentiable
on the open interval (a,b), then

for some c in (a, b).

Proof: The function

h(x) = [g(b) — g(a)lf(x) — [£(b) = f(a)lg(x)

is continuous on [a, b] and differentiable on (a, b).
Furthermore

h(a) = h(b) = g(b)f(a) = f(b)g(a).

Therefore, Rolle’s theorem implies that h'(c) = 0 for some ¢ in (a,b).

Since  1'(c) = [g(b) — g(a)]f'(¢) = [f(b) = f(a)lg'(0).

Theorem: If f'(x) =0 for all  in (a,b), then f is constant on (a,b).
Proof: See Lecture.

Theorem: If f/ exists and does not change sign on (a,b), then f is monotonic on
(a,b) : increasing, nondecreasing, decreasing, or nonincreasing as

fl(x) >0, f(z)>0, f'(z)<0, or f(z)<0,
respectively, for all z in (a,b).
Proof: See Lecture.

Theorem: If f and g are differentiable on an interval, and if f'(z) = ¢'(x) for all x
in that interval, then f — g is a constant function on the interval.

Proof: See Lecture.
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4.8 Lipschitz Continuity
A function that satisfies inequality
[f(@) = f@)] < M|z — 2|, 2,2 € (a,b),

for all x and 2’ in an interval, where M > 0 is some real number is said to satisfy a
Lipschitz condition on the interval.

Remark: A differentiable real valued function is Lipschitz continuous, indeed we
have

differentiability at x = Lipschits continuity at x = Continuity at x

Lipschitz continuity: Continuity at x # Lipschits continuity at x # differ-
entiability at x

Example: The function f(z) = \/|z| is continuous at = = 0, but not Lipschits
continuous at = = 0.

The function f(z) = |z| is Lipschits continuous at = 0 but not differentiable
at z = 0.

Theorem: If f and g are continuous on the closed interval [a,b] and differentiable
on the open interval (a,b), then

for some ¢ in (a,b).

Theorem: Suppose that f and g are differentiable and ¢’ has no zeros on (a,b).
Let
lim f(z)= lim g(x)=0

T—b— z—b—
or
lim f(z) =400 and lim g(z) = too,

r—b— r—b—

and suppose that
I,

a—b— ¢'(x) -

(finite or £ 00).

Then
lim —(x) =
a—b— g(z)
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Proof: For € > 0, due to definition of limit, there is an zg in (a,b) such that

f'(c)
g'(c)

Generalized mean value theorem implies that if  and ¢ are in [zg, ), then there
is a ¢ between them, and therefore in (xg, b), such that

l9(z) — g(@)]f'(c) = [f(2) — fF(B)]g (0).
Since ¢’ has no zeros in (a,b), mean value theorem implies that

g(x) —gt) #0 if z,t € (a,b).

—L‘<£ if xg<e<hb.

This means that g cannot have more than one zero in (a,b).
Therefore, we can choose x¢ so that, in addition to satisfy

f'(c)
g'(c)

—L‘<€ if xg<e<hb.

g has no zeros in [zo, b).
Then we can write

SO

implies that
‘ flx) = f(t)
9(x) —g(t)
If limg,p— f(z) = limy_p— g(x)
the function

—L’<€ if xz,t€ [xo,b). (4.5)
=0

holds, let = be fixed in [z, b), and consider

g(x) —g(t)
w | f(x)
tlirgli G(t) = @) L.
Since
|G(t)] <e if xy<t<b,
we have Fa)
FERCEL

This holds for all z in (xg,b), which is the required result.

e For the proof lim, ,,— f(z) = £oolim,_,_ g(x) = oo

e and when L = 400, try yourself.
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4.9 Indeterminate Forms
The quotient function f/g is of the form 0/0 as x — b— if

lim f(z) = lim g(x) =0,

r—b— r—b—

or of the form oco/oco as © — b— if

lim f(x)=+o0
r—b—

and
lim g(x) = +o0.

r—b—

The corresponding definitions for x — b+ and x — £oo are similar.
If f/g is of one of these forms as © — b— and as = — b+, then we say that it is
of that form as x — b.

Example: Evaluate the following limit

lim sinz/x.
z—0

Solution: The given limit limit lim,_,osinx/z. is of the form 0/0 as z — 0, and

L’Hospital’s rule yields
. sinx . CcosT
lim = lim
z—0 X x—0 1

= 1.

Example: Evaluate the limit

Solution: See Lecture.
Example: Evaluate the limit

L—4/3
lim ———.
z—+o0 sin(1/z)

Solution: See Lecture.

Example: Using L’Hospital’s rule may lead to another indeterminate form; thus,

x x

lim — = lim —
T—00 I T—00 2:[}
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if the limit on the right exists in the extended reals. Applying L’Hospital’s rule
again yields

xr x
. € .
lim — = lim — = oo.
x—00 20 z—00 2
Therefore,
X
T—00 I
More generally,
x
lim — =0
T—00 L™

for any real number «

. _ _ 12
Example: Evaluate lim,_,o i=%cosz=2sin"x

1‘4
Solution:
. 4—4cosx —2sin’z . 4sinx —4sinxcosx
lim = lim
z—0 .T4 z—0 456‘3
. sinxzx . 1—cosx
= lim lim —
x—0 X x—0 x
. sinx . sinzx
= (hm ) (hm )
z—0 X z—0 2x
. 2
1 /.. sinx
= — | lim
2 (a:—>0 xT )
1 1
- (1) ==,
2( ) 2
Example: If
1
f(z) =z —2*sin= and g(z)=sinz,
T
then

1 1
f'(x)=1—2xsin— +cos— and ¢'(x)=cosuz.
x x
Therefore, lim, o f'(z)/¢'(x) does not exist. However,

i flx) 5 1 —zsin(l/z) 1 1
io0 g(z) om0 (sma)w 1
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4.10 Indeterminate forms (0)(co)

A product of functions fg is said to have the indeterminate form 0 - oo as x — b—
if one of the factors approaches 0 and the other approaches +oco0 as x — b—.
In this case, it may be useful to apply L’Hospital’s rule after writing

flalgle) = 15 o flalgte) =

since one of these ratios is of the form 0/0 and the other is of the form oco/oco as
x — b—. Similar statements apply to limits as * — b+, x — b, and = — Fo0.

Example: Evaluate the limit

lim xlogz.
z—0+

Solution: The product zlogz is of the form 0-oco as z — 04. Converting it to an
oo/oo form yields

. log
lim zlogz = lim
z—0+4+ z—0+4+ 1/11

1
= lim ki
a—0+ —1/22

= — lim z=0.
r—0+

Example: Evaluate the limit

lim zlogl+ 1/x.
T—00

Solution: Converting it to a 0/0 form yields
log(1+1/z)

xli_)rroloxlog(l +1/z) = xlgrolo 1z
e D] (1)
T—00 —1/:52
1

Iim — =1
x—>ool—|—1/x

In this case, converting to an co/oo form complicates the problem:

. 1 x
xlgglo:clog(l +1/z) = }E{}O 1/log(1 + 1/x)
) 1
= lim

T—00 -1 —1/a2
([1og(1+1/x)}2> <1+1/:r>
= h_}m z(z 4+ 1)[log(1+1/x)]? =2
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4.10.1 Indeterminate form oo — o0

A difference f — g is of the form oo — o0 as x — b— if

lim f(x) = lim g(z) = t+oo.

r—b— r—b—

In this case, it may be possible to manipulate f — g into an expression that is
no longer indeterminate, or is of the form 0/0 or co/co as © — b—.

Similar remarks apply to limits as x — b+, x — b, or x — Fo00.

Example: Evaluate the limit

. sinzx 1
lim 5 — -
z—0 T €T
Solution: See Lecture.
Example: Evaluate the limit
lim 2% — .
r—r00

Solution: See Lecture.

4.10.2 Indeterminate forms 0% 1°°, oo

The function f9 is defined by
(@) = eS8 = explg(a) o 1 (2)
for all = such that f(x) > 0.

Therefore, if f and ¢ are defined and f(z) > 0 on an interval (a,b), implies that

lim [£(2)}7) = exp <mlig1_g($) log f(ﬂ:)> (46)

if lim,_,— g(x)log f(x) exists in the extended real number system.
If this limit is foo then (4.6) is valid if we define e = 0 and e> = occ.
Indeterminate forms 0°,1%°, 00”: The product glog f can be of the form 0-oo
in three ways as x — b—:

1. If lim, - g(x) = 0 and lim,_,;— f(x) = 0.
2. If lim,_,, g(x) = oo and lim,_,,_ f(x) = 1.

3. If lim,_,— g(x) = 0 and lim,_,,_ f(x) = oco.
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In these three cases, we say that f9 is of the form 0°, 1%°, and oo®, respectively, as

T — b—.

Similar definitions apply to limits as * — b+, * — b, and * — Fo0.

Example: Evaluate the following limit
lim z”.
z—0+
Solution: See Lecture.

Example: Evaluate the following limit

lim 2/ (@1,
r—1

Solution:
Since

it follows that

lim zV/E-D = ¢l — ¢,
x—1

Example: Evaluate the following limit

lim z'/%.
r—r00
Solution:
Since
|
.,El/a: _ eXp(Og.T)
T
and
1 1
lim 987 YT,

=00 X z—oo 1
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4.11 Taylor’s Theorem

Recall the following lemma: If f is differentiable at xg, then

f(x) = f(zo) + [f(w0) + E(x)](z — x0),
where FE is defined on a neighborhood of xg and

lim E(x) = E(z) =0.

T—T0

To generalize this result, we first restate it: the polynomial
Ti(z) = f(xo) + f'(20)(x — o),
which is of degree < 1 and satisfies
Ti(x0) = f(w0), Ti(wo) = f'(xo).
T (x) approximates f so well near z( that

i {@) = Ti@)

T—TQ T — X0

=0.

Taylor polynomial: Suppose that f has n derivatives at g and T, is the polyno-
mial of degree < n such that

T,(f) (x0) = f(r) (xg), 0<r<n.

How well does T;, approximate f near xg?
Since T, is a polynomial of degree < n, it can be written as

T(z) = a0+ a1(z — xo) + - - - + an(x — 20)",

where ag, ..., a, are constants.
Differentiating yields

T (20) = rla,, 0<r<n,

We obtained a, uniquely as

ar:f(T’)(:EQ)7 0<r<n
7!
Therefore,
/ (n)
T,@) = flao)+ 20w g o T oy
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We call T,, the nthTaylor polynomial of f about xg.

Theorem: If f(”)(:bo) exists for some integer n > 1 and T, is the nth Taylor
polynomial of f about xg, then

i {@) = T(@)

T—TQ (aj‘ — xo)n

=0.

Proof: The proof is by induction. Let P, be the assertion of the theorem. If n = 1;
that is, P; is true. Suppose that P, is true for some integer n > 1, and FHD) exists.

Since the ratio
f(@) = Thia(2)
(x — xo)H!

is indeterminate of the form 0/0 as © — z(, L'Hospital’s rule implies that

f@)=Tont) _ 1 f@) = Ths(@)

li = 4.7
P (x — o) t! n+lzoze  (x—x0)" (47)
if the limit on the right exists.
But f’ has an nth derivative at xg, and
n
f(r-i—l)(xo)
(@) = T(«T —20)"
r=0 ’
is the nth Taylor polynomial of f" about zg.
Therefore, the induction assumption, applied to f’, implies that
o F@) T
T—T0 (x — ,’L'O)"
This and (4.7) imply that
i {0 = Tra(@) _
T—xQ (,CE — xo)n+l
which completes the induction.
Lemma: If f("(zg) exists, then
n
£ (o)
fa) =3 0yt B - o), (1.9

r=0

where
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Proof: Define fe)-Ta(e)
Ba(a) - { HE, e Dy~ {ao),

0, T = x.

Then we know that lim,_,,, E,(z) = E,(z9) = 0, and it is straightforward to verify
(4.8).

Example: If f(z) = e®, then f(")(z) = e”.

Therefore, f(™(0) = 1 for n > 0, so the nth Taylor polynomial of f about g = 0
is
x x

X
1 r T
R A TR TR -

r 2 n
7

According to approximation Theorem we have

T n z”
e — Zr:o s

lim = 0.
z—0 x"
Example: If f(x) =logx, then f(1) =0 and
—1)\!
@) = (e sy

x?"

so the nth Taylor polynomial of f about xg =1 is

no 1yr—1
o) =3 S 1y

ifn>1. (Th =0.)

According to approximation Theorem we have

lim logz — >0, (=) tr(z—1)"

x—1 (x—1)" =0, n=1
Example: If f(z) = (14 2)?, then
flx) = q+2)7"  f'(z) = qla— 1)1 +2)7
@) = alg=1) g —n+ DR

If we define
<q>:1 and <q>ZQ(q—1)'~(q—n+1), n> 1

n!



4.11. Taylor’s Theorem 123

then

-
.
I
(]
R
=R
~~——
8
5

r=0
According to approximation Theorem we have

lim (T+2)1 =30y (9)ar

x—0 ™

=0,
for n > 0.

Theorem: Suppose that f has n derivatives at xp and n is the smallest positive
integer such that f(™(zq) # 0.

1. If n is odd, x¢ is not a local extreme point of f.
2. If n is even, xg is a local maximum of f if f(") (z9) < 0, or a local mininum of

fif (o) > 0.

Proof: Since f(r)(azo) =0for 1 <r<n-—1, we have

() (&
F(a)  flao) = [fn(,") + Ea(@)| (o~ w0,

in some interval containing xg.
Since lim,_,,, Fn(z) = 0 and ) (o) # 0, there is a 6 > 0 such that

(n)
|En(z)] < fn(,“”’“’o) if |z — @] < 4.
We can conclude that
f(z) = f(=0)
(z — x0)"

has the same sign as £ () if 0 < |z — z¢| < 4.

If n is odd the denominator changes sign in every neighborhood of zg, and
therefore so must the numerator (since the ratio has constant sign for 0 < |z —zg| <
J).

Consequently, f(zg) cannot be a local extreme value of f. This proves (1).

If n is even, the denominator is positive for x # xg, so f(x) — f(x¢) must have
the same sign as (™ (xg) for 0 < |z — xo| < §. This proves part (2).

Example: Investigate the local extrema for the function f(z) = e’
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Solution: For the given function we have f'(x) = 3$2€$3, and 0 is the only critical
point of f.

Since
f'(@) = (6x+9z*)e”
and
() = (6+ 5423 + 27:66)6%37

f7(0) =0 and f"(0) # 0.
Therefore, 0 is not a local extreme point of f. Since f is differentiable every-
where, it has no local maxima or minima.

Example: Investigate the local extrema for the function f(z) = sin 2.

Solution: For the given function we have f’(z) = 2 cos 22

of fare 0 and ++/(k+1/2)m, k=0,1,2,....

Since

, so the critical points

2 22
f"(z) = 2cos x* — 42” sin x°,

F0)=2 and f” (i (k+1/2)7r)) = (—1)**L(4k + 2)r.

Therefore, f attains local minima at 0 and £++/(k + 1/2)7 for odd integers k,
and local maxima at £+/(k + 1/2)7 for even integers k.

Taylor’s Theorem: Suppose that f(”H)

and let  be in 1.

exists on an open interval I about xg,

Then the remainder

can be written as

f(n—i—l)(c)
(n+1)!

where ¢ depends upon x and is between x and zg.

n+1

R, (z) = (x —x0)"",

Example: If f(z) = €%, then f”(x) = ¥, and Taylor’s theorem with n = 2 implies
that

2 Cc,3
e z°  ew
e=lret ot g
where ¢ is between 0 and x. We have
0.1 (0.1)?
%~ T5(0.1) :1+—+( ) =1.105
1! 21
hence
e“(0.1)3

0.1
= 1.105
e + 6 ,
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where 0 < ¢ < 0.1.
Since 0 < e¢ < €%, we know from this that

1.105 < %! < 1.105 +

Example: Since 0 < ¢ < %!, we know from this that

0.1( . )3

0.1
1.105 < %! < 1.105 + GT

The second inequality implies that

0.1)3
eVt [1 — ()] < 1.105,
6
SO
eVl < 1.1052.

Therefore,
1.105 < %! < 1.1052,

and the error in approximation is less than 0.0002.

e?1(0.1)3



CHAPTER 5

Riemann Integration

5.1 Riemann Sums

Figure 5.1: Area under the curve

Partition of an interval: Let f be a real valued function defined on a finite
interval [a, b].
A partition of [a,b] is a set of subintervals

[xo, z1], [x1,%2],. .., [Tn—1,Tn],

where
a=z9g<x1--<xp =0

Thus, any set of n 4+ 1 points satisfying a = zg < x1--- < x, = b. defines a
partition P of [a, b], which we denote by

P ={xog,x1,...,2n}.

The points xg, 1, ..., T, are the partition points of P.
The largest of the lengths of the subintervals [z, z1], [x1,22], ..., [Tn_1,24], is
the norm of P, written as || P||; thus,

1Pl = max (a: = ai0).

Refinement of a partition: If P and P’ are partitions of [a,b], then P’ is a
refinement of P if every partition point of P is also a partition point of P’; that is,
if P’ is obtained by inserting additional points between those of P.
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Riemann sums: If f is defined on [a, b, then a sum
o= flej)(aj—xj),
j=1

where
zj1 <¢;<zj, 1<j<mn,

is a Riemann sum of f over the partition P = {xo,x1,...,2,}. (Occasionally we
will say more simply that o is a Riemann sum of f over [a,b].)

Since ¢; can be chosen arbitrarily in [z}, 2;_1], there are infinitely many Riemann
sums for a given function f over a given partition P.

5.2 Riemann Integral

Let f be defined on [a,b]. We say that f is Riemann integrable on [a,b] if there is
a number L with the following property:
For every € > 0, there is a 6 > 0 such that

lo—L| <e.

If o is any Riemann sum of f over a partition P of [a,b] such that ||P|| < d. In this
case, we say that L is the Riemann integral of f over [a,b], and write

/abf(x)dx:L.

Theorem: Prove that the Riemann integral f; f(z)dz, if it exists, is unique.
Proof: See Lecture.

e Prove: If fab f(z)dx exists, then for every € > 0, there is a § > 0 such that
|o1 — 09| < € if 01 and o9 are Riemann sums of f over partitions P; and P; of
[a, b] with norms less than d.

Example: Determine f is Riemann integrable over the given interval or not? Find
fabf(a:)dx, where
flx)=1, a<z<b

Solution: For the given function, we have

D fle) i —wi1) =D (w5 —zm0).
j=1

Jj=1
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Most of the terms in the sum on the right cancel in pairs; that is,

n
D (g —wj1) = (@1 — @) + (w2 — 31) + - + (€0 — Tp1)
7j=1
= —x0+ (x1 —x1)+ (22 —22) + -+ (Tp-1 — Tp—1) + Tp

= x,—2Top=0b—a.

Thus, every Riemann sum of f over any partition of [a,b] equals b — a, so
b
/ dr =b—a.
a

Example: For the function

Riemann sums are of the form
n
g = ZCj(J?j — mj_l). (51)
j=1

Since zj_1 < ¢j < zj and (z; + xj—1)/2 is the midpoint of [z;_1,x;], we can write

_ Tt T

cj = 5 +d;, (5.2)
where 1P
Ti— Ti_1
d;| < =2 J—o < ) .
4yl < L < (53)

Example: Substituting (5.2) into (5.1) yields
o = Y HEEE wy —ay ) + 20 di(wg — w)
(5.4)
= g (@f —af )+ Y0 di(x — wj).

Because of cancelations, we have

s0 (5.4) can be rewritten as

5+ > di(w; — ).
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Hence,
b —a® - 1P|l
o < Y ldjl(my — 1) < TN > (@5 —wj1)
=1 =1
P
_ ||2||(b—a).

Therefore, every Riemann sum of f over a partition P of [a, b] satisfies

<c if |P|<d=

Hence,

Theorem: If f is unbounded on [a,b], then f is not integrable on [a, b].

Proof: We will show that if f is unbounded on [a,b], P is any partition of [a,b],
and M > 0, then there are Riemann sums o and ¢’ of f over P such that

lo —o'| > M. (5.5)

Let

n

o= flej)(wj—wj)

Jj=1

be a Riemann sum of f over a partition P of [a, b].
There must be an integer ¢ in {1,2,...,n} such that

M

Ty — Tj—1

|f(c) = flei)| >

for some c in [x;_1x;].
Because if there were not so, we would have

M .
lf(x) = flej)l < ———— @ <z<z, 1<j<n
:ZJ]—.CC]_l

Then

[f@) = [f(ej) + f(2) = Flep)l < [f(ep)] + [f(x) = Fleg)l

M
< |flej)l+ ———, zjm1<z<zj; 1<j<n
Tj—Tj-1
which implies that
M
|f($)|§ max |f(cj)|+77 anSba

1<j<n Tj —Tj—1
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contradicting the assumption that f is unbounded on [a, b].
Consider the Riemann sum
n
o' =" f(cf) (s —xj1)
j=1
over the same partition P, where
C/-:{ Cj7 j#%
J c, j=ri.
Since
o —o'| = [f(e) — fle)|(wi — wi-1),
hence due to Y,
_ N> 77
£ = fe)] = = —
implies (5.5).
5.3 Upper and Lower Integrals
Upper and lower integrals: If f is bounded on [a,b] and P = {zg, x1,...,2n} is

a partition of [a, b], let

M;j= sup f(z) and m;= inf f(x).

. . xi_1<x<xz;
zj_1<z<zTj J—12T>T;

The upper sum of f over P is

S(P) = Mj(x; —x;1),

j=1

and the upper integral of f over, [a,b], denoted by
b
[ @ s

Lower integrals: The lower sum of f over P is

is the infimum of all upper sums.

s(P) =" mj(z; —z;-1),
j=1

and the lower integral of f over |a,b], denoted by

/a ' fa) e
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is the supremum of all lower sums.
Remark: If m < f(z) < M for all z in [a, b], then
m(b—a) <s(P)<S(P)<M(b-a)

for every partition P. Thus, the set of upper sums of f over all partitions P of [a, ]
is bounded, as is the set of lower sums.

Therefore, definition of infimum and supremum imply that fjbf(:c) dx and

: f(x) dx exist, are unique, and satisfy the inequalities

b
m(ba)g/f(:v)dng(ba)

and
b
m(b— a) < / F2)dz < M(b—a).

Theorem: Let f be bounded on [a, b], and let P be a partition of [a,b]. Then

1. The upper sum S(P) of f over P is the supremum of the set of all Riemann
sums of f over P.

2. The lower sum s(P) of f over P is the infimum of the set of all Riemann sums
of f over P.

Proof: If P = {xg,x1,...,2,}, then

where

M;= sup f(z).

Ltj_lS.TSCC]'

An arbitrary Riemann sum of f over P is of the form
n
o= flej)(a; —zj),
j=1

where z;_1 < ¢; < x;.
Since f(c;) < Mj, it follows that o < S(P). Now let € > 0 and choose ¢; in
[:Ejfl,xj] so that

3

fe) > M; - iy pp——1

1< <n.
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The Riemann sum produced in this way is

n

T o= > fE)m—aia) >y [Mj Tl
j=1 j=1
= S(P)—e.

e )) (zj — xj-1)

j T %1

Now from definition S(P) is the supremum of the set of Riemann sums of f over
P.

Example: Let
0 if z is irrational,
J@) = { 1 if z is rational,

Let P = {zg,21,...,2,} be a partition of [a,b]. Since every interval contains
both rational and irrational numbers

m;j =0 and M;=1, 1<j<n

Hence,
S(P) = Y 1-(zj—=zj1)=b—a

s(P) = > 0-(x;—xj-1)=0.

Since all upper sums equal b — a and all lower sums equal 0, from definition we
have

/abf(x) dr=b—a and /:f(g;) dz = 0.

Example: Let f be defined on [1,2] by f(z) = 0 if z is irrational and f(p/q) = 1/q
if p and q are positive integers with no common factors.

If P = {xg,21,...,2,} is any partition of [1,2], then m; = 0, 1 < j < n, so
s(P) = 0; hence,

2
/ f(z)dx =0.
J1
We now show that .
/ f(z)dx =0 (5.6)
1

also.
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Example: Since S(P) > 0 for every P, from definition we have

T2
/ f(x)dx > 0.
1
We need only show that

/2f(a:)dx <0,
1

which will follow if we show that no positive number is less than every upper sum.
To this end, we observe that if 0 < & < 2, then f(x) > ¢/2 for only finitely many
values of z in [1,2].
Let k be the number of such points and let Py be a partition of [1,2] such that
€

P, .
| Poll < ok

(5.7)

Example: Consider the upper sum

n

S(Po) == ZMj(l‘j - .’L’jfl).

=1

There are at most &k values of j in this sum for which M; > /2, and M; < 1 even
for these. The contribution of these terms to the sum is less than k(e/2k) = ¢/2,
because of (5.7).

Since M; < /2 for all other values of j, the sum of the other terms is less than
£ o € € €
B D (wj—zj) = 3@ —wo) =5(2-1)=3.
j=1
Therefore, S(Py) < € and, since € can be chosen as small as we wish, no positive

number is less than all upper sums.

Lemma: Suppose that
f(@)] <M, a<az<hb,

and let P’ be a partition of [a,b] obtained by adding r points to a partition P =
{zo,z1,..., 25} of [a,]].
Then

S(P) =z S(P") = S(P)-2Mr||P|

s(P) < s(P)) < s(P)+2Mr||P|.
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Proof: First suppose that 7 = 1, so P’ is obtained by adding one point ¢ to the
partition P = {zg, z1,...,xy}; then ;1 < ¢ < x; for some i in {1,2,...,n}.

If j # 1, the product M;(z; —x;_1) appears in both S(P) and S(P’) and cancels
out of the difference S(P) — S(P’).

Therefore, if

M1 = sup f(x) and M= sup f(z),

zi_1<z<c c<w<mz;
then
S(P)—S(P) = Mj(x;—xi—1) — Mi1(c —xi—1) — Mio(x; — ¢) 58)
= (M; — Ma)(c— 1) + (M; — Miz)(x; — c).

Since f is bounded implies that
0< M; — M, <2M, r=1,2,
(5.8) implies that
0< S(P)—S(P)<2M(x; —zi—1) < 2M||P|.

This proves (5.11) for r = 1.

Now suppose that » > 1 and P’ is obtained by adding points ¢1, ¢a, ..., ¢ to
P.

Let P(9) = P and, for j > 1, let PY) be the partition of [a, b] obtained by adding
c; to PU=1) Then the result just proved implies that

0<S(PYTY) —S(PY) <2M|PUTV|, 1<j<r
Adding these inequalities and taking account of cancellations yields
0 < S(PO) = 5(PD) <2M(|IPO) + |IPD] +--- + [PV (5.9)

Since PO = P, P) = P/ and |P®| < |PED| for 1 < k < r—1, (5.9)
implies that
0 < S(P)—S(P') < 2Mr| P,

which is equivalent to (5.11).

Theorem: If f is bounded on [a,b], then

/ab f(x)dz < /abf(:c) dz. (5.10)

Proof: Suppose that P; and P, are partitions of [a,b] and P’ is a refinement of
both.
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We have proved

S(P) > S(P) > S(P)—2Mr|P| ()
and
s(P) <s(P') < s(P)+2Mr||P| ().

Letting P = Py in (**) and P = P in (*) shows that
s(P) <s(P') and S(P')<S(P).

Since s(P’) < S(P’), this implies that s(P;) < S(P,). Thus, every lower sum is
a lower bound for the set of all upper sums.
Since f(ff(a:) dz is the infimum of this set, it follows that

)
s(Py) < / (@) da

for every partition P of [a, b].
This means that fab f(z) dz is an upper bound for the set of all lower sums.

Since f(ff(:):) dx is the supremum of this set, this implies (5.10).

Theorem: If f is integrable on [a, b, then
b b b
/f(:z)dx:/ f(x)dx:/ f(x)dx.

Proof: Suppose that P is a partition of [a,b] and o is a Riemann sum of f over P.
Since

The triangle inequality implies that

Sty de— [0 f@yds| < |[Pf@)de - S(P)| +1S(P) - o

+ ‘U—f:f(x) dx’. o0

Now suppose that € > 0. From definition of Riemann upper sum, there is a
partition Py of [a,b] such that

b b
/f(x) dz < S(Ry) < / f(2) da;+§. (5.12)
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From definition of Riemann integral, there is a § > 0 such that

J—/abf(x)dx

If |P|| < ¢ and P is a refinement of Py.
Since S(P) < S(FPp) by Lemma we have proved, (5.12) implies that

9
= 5.13
<3 (513)

b

[ 1w <5t < i,

SO

)
S(P) —/ f(z)dx

£
<z 5.14
- (5.14)

in addition to (5.13). Now (5.11), (5.13), and (5.14) imply that

/abf@:) dz - / ' f(a) do

for every Riemann sum o of f over P.

< %HS(P)_ay (5.15)

Since S(P) is the supremum of these Riemann sums, we may choose o so that

1S(P) — o < %

/abf(x) dx — /abf(a:) dx

Since € is an arbitrary positive number, it follows that
b b
/ flx)dx = / f(x)dx.

Lemma: If f is bounded on [a,b] and € > 0, there is a § > 0 such that

Now (5.15) implies that

< e.

b

b
/f(m)deS(P)</f(x)dx+s (5.16)

and

/abf(x)d:cz s(P) > /abf(a:)dx—a

it | P|| < 4.

Proof: The first inequality follows immediately from definition of Riemann upper
integral.
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To establish the second inequality, suppose that |f(z)| < K if a <z < b. From
definition of the Riemann upper integral, there is a partition Py = {xg,z1,...,Tr41}
of [a,b] such that

b
S(Pg)</f(a:)dx+; (5.17)

If P is any partition of [a,b], let P’ be constructed from the partition points of
Py and P. Then we know that

S(P") < S(P). (5.18)
Since P’ is obtained by adding at most r points to P, we have
S(P') > S(P) —2Kr|P]|. (5.19)
Now (5.17), (5.18), and (5.19) imply that

S(P) )+ 2Kr| P

P/
Py) +2Kr|P|
b

/ f@)da+ 5 + 27| P].

a

< S
< S

A

Therefore, (5.16) holds if
€
Pll<é=—.
IPI<0= 77y

Theorem: If f is bounded on [a, b] and

[ st = ["rwar=r

then f is integrable on [a, b] and

/abf(x)d:z::L.

Proof: If € > 0, there is a § > 0 such that

b b
/ F(z)dz —e < s(P) < S(P) < / f@)dz+e, (5.20)

If |P| < 6.
If o is a Riemann sum of f over P, then

s(P) <o < S(P).
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So (5.21) and (5.20) imply that
L—-e<o<L+c¢
if |P]| <.

Recall the following theorems:
Theorem: If f is integrable on [a, b], then

/abf(x) dx :/abf(x) do = /:f(x) dz.

Theorem: If f is bounded on [a, b] and

/abf(:c) da = /abf(:n) dx =L, (5.21)

then f is integrable on [a, b] and

/bf(a:) dr = L. (5.22)

Theorem: A bounded function f is integrable on [a, b] if and only if
b b
/ f(z) diL‘—/ f(z)dz.

Theorem: If f is bounded on [a,b], then f is integrable on [a,b] if and only if for
each € > 0 there is a partition P of [a,b] for which

S(P)—s(P) <e.

Proof: Since , —
s(P) S/f(x)dxg/f(x)d:ch(P)

for all P.
The inequality S(P) — s(P) < &, implies that

0< /abf(a:)dx—/abf(a;)dx<a.
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Since € can be any positive number, this implies that
b b
/ f(z) d:z::/ f(x)dx.
a Ja_
Therefore, ff f(z) dx exists.

Since € can be any positive number, this implies that

/abf(a:) dx = /abf(x) dx.

For the converse of the theorem try yourself

Theorem: If f is bounded on [a,b], then f is integrable on [a,b] if and only if for
each € > 0 there is a partition P of [a, b] for which

S(P) —s(P) < e.

Theorem: If f is continuous on [a, ], then f is integrable on [a, b].

Proof: Let P = {xzg,z1,...,2,} be a partition of [a, b].
Since f is continuous on [a, b], there are points ¢; and ¢ in [x;_1,z;] such that

flej))=M;= sup f(2)

zj_1<z<zx;

and
f(c;)=mj= inf  f(z).

wj,lgacgwj

Therefore,

S(P) =s(P) =Y [f(ej) = F()] (aj = zj-1)- (5.23)

J=1

Since f is uniformly continuous on [a,b], there is for each € > 0 a § > 0 such

that
€

F@) - f@) <

If x and 2’ are in [a,b] and |z —2'| < 4. If || P|| < 0, then |¢; — ¢} < ¢ and, from
(5.23),

Hence, f is integrable on [a, b].
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Theorem: If f is bounded on [a,b], then f is integrable on [a,b] if and only if for
each € > 0 there is a partition P of [a, b] for which

S(P) — s(P) < e.

Theorem: If f is monotonic on [a, b], then f is integrable on [a, b].

Proof: Let P = {zg,z1,...,x,} be a partition of [a,b]. Since f is nondecreasing,

flz;) = Mj= sup f(x)

rj_1<r<z;
f(xj_l) = my; = inf f(x)

rj—1<r<zx;

Hence,
n

S(P) = s(P) =Y (f(a) = flxj-1))(xj — zj-1).

j=1
Since 0 < zj —xj—1 < ||P| and f(z;) — f(zj—1) >0,
S(P)=s(P) < |IPIIY_(f(x)) = flaj-1))
j=1
= [IPII(f(b) = f(a)).

Therefore,
S(P)—s(P)<e if |P(f(b) - f(a)) <&,

so f is integrable on [a, b].

Theorem: If f and g are integrable on [a, b], then so is f + g, and

/ () do = / ' fla)do 1 / " o) da.

Proof: Any Riemann sum of f + g over a partition P = {xzg, z1,...,z,} of [a,b]
can be written as

Ofrg = i1 [feg) +g(ep))(@j —zj-1)
= Yo fle)zy —xj-1) + 200 g9(ej)(zj — 2j-1)
= 0y +og,

where ¢ and o, are Riemann sums for f and g.
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Definition of Riemann integral implies that if € > 0 there are positive numbers
01 and d9 such that

< g it ||P| <&

and

b
of —/ f(x)dx
b

< % it [|P|| < 6.

oy —/ g(z)dz
If HP” <= min(él,ég), then

<af —/abf(:c) dx> + (Jg—/abg(:c) dm)’

Uf—/abf(:p)dx Ug—/abg(x)dx

< T4
2 2 7

Tfyg — /abf(ar) dx — /abg(ac)dac

_|_

IN

so the conclusion follows from Definition.
Example: Determine whether the function f(z) =1+ z is integrable on [a, b]?

Solution: If
then

and

Theorem: If f is integrable on [a,b] and ¢ is a constant, then cf is integrable on

[a,b] and . .
/a cf(a:)d:c:c/a (@) da.

Proof: See Lecture.

Theorem: If fi, fo, ..., f, are integrable on [a, b] and ¢y, ca, ..., ¢, are constants,
then c1f1 + cafa + - + cn fr is integrable on [a, b] and

b b
/ (cLfi+esfa b tenfa)@)de = e / fi(z) da

b
+"‘+cn/ fn(z)de.
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Proof: See Lecture.

Theorem: If f and g are integrable on [a,b] and f(z) < g(x) for a < x < b, then
b b
/ f(z)dz < / g(z) dzx.

Proof: Since g(x) — f(x) > 0, every lower sum of g — f over any partition of [a, b]
is nonnegative.
Therefore,

b
[ @)~ s as o

Hence, o
f;g(az) dx — f; f(zx)de = f:(g(x) () de
[ (9(x) = f(x))dz > 0.

which yields . (The first equality in (5.24) follows from Theorems ?? and ?7?; the
second, from Theorem ?7.)

(5.24)

Theorem: If f is integrable on [a, b], then so is | f|, and
b
[ tads

Proof: Let P be a partition of [a,b] and define

</ab\f(x)\dx.

M; = sup{f(z):zj1 <2 <z},
mj = inf{f(x):z;1 <z <z},
M; = sup{|f(z)]: zj-1 <z < a5},
m; = 1nf{|f(ac)| 1 Tj-1 <z < $j}.
Then
Mj—m; = sup{|f(z)| = |f(&)]: 2j—1 < @, 2’ < a;}
< sup{|f(z) = f(@)]: 2jo1 < 3,2" <y (5.25)
= Mj - mj.
Therefore,

S(P) —3(P) < S(P) - s(P),

where the upper and lower sums on the left are associated with |f| and those on the
right are associated with f.
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Suppose that € > 0. Since f is integrable on [a, b], there is a partition P of [a, ]
such that S(P) — s(P) < e.

This inequality and (5.25) imply that S(P) — s5(P) < . Therefore, |f| is inte-
grable on [a, b].
Since

We have

/abf($)d:£§/ab|f(w)|da: and —/abf(x)dxg/ab|f(x)|dm7

hence the result.
Theorem: If f and g are integrable on [a, b], then so is the product fg.

Proof: We consider the case where f and g are nonnegative, and leave the rest of
the proof to you. The subscripts f, g, and fg in the following argument identify the
functions with which the various quantities are associated. We assume that neither
f nor g is identically zero on [a, b], since the conclusion is obvious if one of them is.

It P={xo,x1,...,2n} is a partition of [a, b], then

n

Stg(P) — sfq(p) = Z(Mfg,j —mygi)(@j — Tj-1). (5.26)
j=1

Since f and g are nonnegative, My, ; < My My ; and mypy ; > my mg ;. Hence,
Mygj—myg; < MypiMgj—myg my,;
= (My; —my;)Mg; +my;(Mgj —myg,;)
< My(Myj—my;z) + My(Mgj —mg,;),

where My and M, are upper bounds for f and g on [a, b].
From (5.26) and the last inequality,

S1a(P) = 514(P) < My[Sy(P) — sy (P + My[Sy(P) — 5, (). (5.27)
Now suppose that € > 0. There are partitions P; and P» of [a, b] such that

Sf(Pl) — Sf(Pl) < W and Sg(PQ) — Sg(PQ) < m (528)

£ £
g
If P is a refinement of both P; and P», then (5.28) and we can write

< &
oM,

Sp(P) —s¢(P) < and  Sy(P) = s4(P)

£
2M,
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This and (5.27) yield

e €
ng(P)_ng(P)<§+§:5

Therefore, fg is integrable on [a,b], by Theorem ?7.

Theorem: Suppose that u is continuous and v is integrable and nonnegative on
[a,b]. Then

b b
/ u(z)v(z) dx = u(c)/ v(z)dx (5.29)
for some c in [a, b].

Proof: Since u is continuous implies u is integrable on [a,b]. The function uv is
integrable on [a, b].
If m = min{u(x) : a <z < b} and M = max{u(x) : a < x < b}, then

m < u(x) <M

and, since v(x) > 0,
mu(x) < u(x)v(z) < Mo(x).

Therefore, we can write

m/ ©) dz </ w(@)o(z) do < M/abv(:r) da. (5.30)

This implies that (5.32) holds for any c in [a, b] if f:v(ac) dx = 0.
It [*v(z)de # 0, let

b
d
7= dau@v(@) dz “b(x)”(x) ° (5.31)
J v(x) dx
Since f x)dzx > 0 in this case (why?), (5.33) implies that m <u < M. The

intermediate Value theorem implies that @ = wu(c) for some c in [a,b]. This implies
(5.32).

Theorem: Suppose that u is continuous and v is integrable and nonnegative on
[a,b]. Then

b b
/ u(x)v(x)dr = u(c)/ v(z) dx (5.32)
for some c in [a, b].

Proof: Since u is continuous implies u is integrable on [a,b]. The function uwv is
integrable on [a, b].
If m = min{u(z) : a <z <b} and M = max{u(z) : a <z < b}, then

m<u(zr) <M
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and, since v(x) > 0,
mu(z) < u(x)v(x) < Mo(x).

Proof: Therefore, we can write

m/ ) dx </ w(z)v(z) de < M/abv(:v) dz. (5.33)

This implies that (5.32) holds for any c in [a, b] if f:v(ac) dx = 0.
It [*o(z)de # 0, let

u(z)v(z) dx
U= Jo u(@)ele) da b< Jv(a) (5.34)
Ji v(@)

Since f x)dx > 0 in this case (why?), (5.33) implies that m < u < M. The
intermediate Value theorem implies that w = u(c) for some ¢ in [a,b]. This implies
(5.32).

Average of u(x) on [a,b] and weighted average : Recall the following

B f; u(z)v(x) dx
="
ffv(;v)dx

If v(x) =1, we have

1 b
u:b_a/a u(x)dz,

is known as average of u(x) over [a, b].

Theorem: If f is integrable on [a,b] and a < a; < by < b, then f is integrable on
[al, bl] .

Proof: Suppose that ¢ > 0, there is a partition P = {xg,z1,...,2,} of [a,b] such
that

n

S(P) = s(P) =Y (M; — m;)(z; — zj-1) <e. (5.35)
j=1
We may assume that a; and by are partition points of P, because if not they can
be inserted to obtain a refinement P’ such that S(P’) — s(P’) < S(P) — s(P).
Let a; = x, and b; = x4. Since every term in (5.35) is nonnegative,

S

> (M —my) () —xj1) <.

Jj=r+1

Theorem: If f is integrable on [a,b] and a < a; < by < b, then f is integrable on
[al, bl] .
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Proof: Thus, P = {z,, %41, ..,Zs} is a partition of [a1, b1] over which the upper
and lower sums of f satisfy

S(P)—s(P) <e.

Therefore, f is integrable on [a1, b1].
If f is integrable on [a,b] and a < a; < by < b, then f is integrable on [a1, b1].

Theorem: If f is integrable on [a,b] and [b, ¢|, then f is integrable on [a, c].
/f d:v—/f d:c+/f (5.36)

So far we have defined f B x) dz only for the case where o < 3.

If a < 3, we define
/af(x)d:c:—/ﬁf(x)dx
B «

/ f(z)dz =0.
Theorem: If f is integrable on [a,b] and [b, ¢], then f is integrable on [a, c].

/acf(x)dx:/abf(l‘)d$+/bcf(:n)d:c. (5.37)

Proof: See Lecture.

5.4 Fundamental Theorem of Calculus

Theorem: If f is integrable on [a,b] and a < ¢ < b, then the function F' defined by

:/jf(t)dt

satisfies a Lipschitz condition on [a,b], and is therefore continuous on |[a, b].

Proof: If z and 2’ are in [a, b], then

F(z)—F(x'):/jf(t) dt—/f (1) dt:/:f(t) dt

Since |f(t)| < K (a <t <b) for some constant K,

/ f(t)dt‘ <Klr—2|, a<z, 2’ <b.



5.4. Fundamental Theorem of Calculus 147

Theorem: If f is integrable on [a,b] and a < ¢ < b, then the function F' defined by

:/wa(t)dt

satisfies a Lipschitz condition on [a,b], and is therefore continuous on |[a, b].

Proof: Consequently,

|F(z) — F(2)| < K|z —2'|, a<ux 2 <b.

Theorem: If f is integrable on [a,b] and a < ¢ < b, then F(z) = [T f(t)dt is
differentiable at any point x in (a,b) where f is continuous, with F (z0) = f(xo).

If f is continuous from the right at a, then F (a) = f(a). If f is continuous
from the left at b, then F’ (b) = f(b).

Proof: Since

/ " f(ao) dt = f(x0).

T — X

We can write

PO pag) = —— [0~ SGao)l .

r — X T — X 0

/ |f(t) — f(xo)| dt|.

Since f is continuous at xq, there is for each € > 0 a 6 > 0 such that

From this

F(z) = F(xo)
r — X

—f(mo

[f() = flzo)l <& if |z —wo| < ¢

and t is between x and x.
Therefore, we have

F(z) - F —
M—f(xo)<swze if 0<|z—zo| <0.
x — g |z — |
Hence, F'(xo) = f(x0).
Theorem: If f is integrable on [a,b] and a < ¢ < b, then F(z) = [T f(t)dt is

differentiable at any point xg in (a,b) where f is continuous, with F’(:L‘o) f(xo).

If f is continuous from the right at a, then F' (a) = f(a). If f is continuous
from the left at b, then F’ (b) = f(b).
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Example: If

Then the function

2

5, O<ax<l,

F(a:):/owf(t)dt: .

T4r—-1, 1<z<2,

is continuous on [0, 2].
We can conclude

x = f(x), 0<z<l,
F'(z) =
r+1=f(z), 1<z<2
F(z) - F 2/9) —
R .
. r+4
= L 5 =3=70)

F does not have a derivative at x = 1, where f is discontinuous, since

F'(1)=1 and F(1)=2.

Theorem: Suppose that F' is continuous on the closed interval [a,b] and differen-
tiable on the open interval (a,b), and f is integrable on [a, b].
Suppose also that
F'(z) = f(z), a<x<b.

Then )
/ f@)dz = F(b) — Fla). (5.38)

Proof: If P = {xzg,z1,...,x,} is a partition of [a, b], then

n

F(b) - F(a) = S (F(e)) - Fla;-1))- (5.39)

=1

From mean value theorem, there is in each open interval (z;_1,z;) a point ¢; such
that

F(xj) — F(zj-1) = f(cj) (w5 — zj-1).
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Hence, (5.39) can be written as

where ¢ is a Riemann sum for f over P.
Since f is integrable on [a, ], there is for each € > 0 a ¢ > 0 such that

b
mi/fuwx<5 it P <o

Therefore,

<e€

‘ﬂm_ﬂ@_lwumx

for every € > 0.

Lemma: If f’ is integrable on [a, b], then

b
/ f'(2)dz = f(b) — f(a).

Proof: See Lecture.

5.4.1 Anti-derivative of a Function

Anti-derivative of a function: A function F is an antiderivative of f on [a,b] if
F' is continuous on [a, b] and differentiable on (a,b), with

F'(z) = f(z), a<x<b.
If F is an antiderivative of f on [a, b], then so is F' + ¢ for any constant c.

Conversely, if F} and F» are antiderivatives of f on [a,b], then F} — Fy is constant
on [a,b].

Theorem: If f is continuous on [a,b], then f has an antiderivative on [a,].
Moreover, if F is any antiderivative of f on [a,b], then

b
/ f(z)dz = F(b) — F(a).

Proof: The function Fo(x) = [7 f(t)dt is continuous on [a, b].
Furthermore, Fj(xz) = f(z) on (a,b) by previous theorem.
Therefore, Fy is an antiderivative of f on [a, b].



5.5. Integration by Parts 150

Now let F' = Fy + ¢ (c = constant) be an arbitrary antiderivative of f on [a, b].
Then

F(b)—F(a):/abf(a:)dx—kc—/aaf(:c)d:c—c:/abf(a:)dx.

When applying this theorem, we will use the familiar notation

5.5 Integration by Parts

Theorem: If v’ and v’ are integrable on [a, b], then

b
—/ v(z)u () dx. (5.40)

Proof: Since u and v are continuous on [a, b], they are integrable on [a, b].
Therefore, using the product of two integrable function is integrable and sum of
two integrable functions is integrable imply

(uv)’ = u'v + u’

is integrable on [a, b].
We have

Theorem: Suppose that f’ is nonnegative and integrable and ¢ is continuous on
[a,b]. Then

b c b
/f@WM%#W/ﬂ@thVﬁmm (5.41)

for some c in [a, b].

Proof: Since f is differentiable on [a, ], it is continuous on [a, b]. Since g is contin-
uous on [a, b, so is fg.

Since we know if f is continuous then f is integrable, thus the integrals in (5.41)
exist. If

G(z) = / ") dt, (5.42)

then G'(z) = g(z), a <x <b.
Therefore, by using integration by parts with v = f and v = G yields

b b b
/J@M@@—NMM)—/ﬂ@mwm. (5.43)
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Since f’ is nonnegative and G is continuous, the first mean value theorem of
integral implies that

b b
/ F(2)G(@) dz = G(e) / f(2) da (5.44)

for some c in [a, b].
But we know that

b
/ f'(@)dz = f(b) — f(a).

From this and (5.42), (5.44) can be rewritten as

b c
/ F/(2)G(x) dz = (f(b) - f(a)) / o(z) d.

Substituting this into (5.43) and noting that G(a) = 0 yields
b b c
/ f@)g(x)de = () / g(z)dz — (F(b) — f(a)) / o(z) d,
c b
= @) [ oo+ f<b>( [ oty

- / " o(@) dw)

_— / o) do + F0) / " o(w) de.

5.6 Integration by Substitution

Theorem: Suppose that the transformation x = ¢(t) maps the interval ¢ <t < d
into the interval a < x < b, with ¢(c) = a and ¢(d) = 3, and let f be continuous
on [a,b].

Let ¢’ be integrable on [c,d]. Then

8 d
/ f () di = / (1)) dt. (5.45)

Proof: Both integrals in (5.45) exist: the one on the left by the fact that if f
is continuous on [a,b], then f is integrable on [a,b], the one on the right by the
continuity of f(¢(t)).

The function

Fo) = | ") dy

is an antiderivative of f on [a,b] and, therefore, also on the closed interval with
endpoints a and 5.
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Hence, by fundamental theorem of calculus,

B
/ f(z) dz = F(B) — F(a). (5.46)
By the chain rule, the function

G(t) = F(o(t))
is an antiderivative of f(4(t))¢'(t) on [c¢,d]. Therefore, we have

d
/f(¢(t))¢'(t)dt = G(d) = G(e) = F(¢(d)) — F(o(c))

— F(§) - Fla).
Comparing this with (5.46) yields (5.45).

Example: Evaluate the integral
1/V2
I= / (1—22%)(1 — 2>V 2dx.
YN

Solution: We let
@)= (1= 21— a2 —1VEZ<a<1VE,
and
x=¢(t) =sint, —w/4<t<7/4.
Then ¢'(t) = cost and

1/V2 w/4
I= [ f(z)de = [ f(sint)costdt

—1/V2 —7/4
i (5.47)

= [ (1—2sin?¢)(1 —sin?¢)"1/2 cost dt.
—m/4

(1—sin?t)™2 = (cost) ™, —m/a<t<m/4
and
1—2sin®t = cos2t,

(5.47) yields
w/4

in 2¢
I = / Cos2tdtzsm

—7/4

w/4
=1
—m/4

Example: Evaluate the integral

12/5” sint gt
0o 2+cost
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