STA404
Regression & Correlation Analysis
Lesson 8-1

Statistical Inference about
Regression

Explanation of the hypothesis testing procedure
for simple linear regression coefficient §



What is Statistical inference?

Statistical Inference




Nfference between Population &
Sample Regression

. Population Regression * Sample Regression




Hypothesis Testing — General
Procedure

Procedure Table -

Solving Hypothesis-Testing Problems (Traditional Method)
Step 1 State the hypotheses and identify the claim.

Step 2  Find the critical value(s) from the appropriate table

Step3 Compute the test value.

Step4  Make the decision to reject or not reject the null hypothesis.

Step5 Summarize the results.



Testing Hypothesis — Procedure about
Regression Coefficient 3

tepl 4 rﬂl@

Stat the hypothesis.
Hy: =0 and Hy: p+#0
Hy: <0 and Hy: >0
Hy: =0 and H,: <O

Step 2
Decide the level of significance.
Here, we set the value of a = 5% = 0.05



General formula format

Many hypotheses are tested using a statistical test based on the following general formula:

(Observed value) — (Expected value)

Test Value = -
Standard error

The observed value is the “statistic” (such as the mean) that is computed from the sample
data.

The expected valueis the “parameter” (such as the mean) that you would expect to obtain
if the null hypothesis were true. In other words, the hypothesized value.

The denominatoris the standard error of the statistic being tested (in this case, the
standard error of the mean).

_b=Bq

E =
S.E(b)

It is t-test. It depends on Degree of Freedom = df = n-2



Required calculations

p4

Know and do the required calculations and find the test value.
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Critical Value, Comparison and

Conclusion
Step 5
e Use t-table to find the critical values.
e Plot these values on bell shaped curve.
e Compare calculated value with table value

e Conclude and summarize the result

intervals 80% 90% 959, 98 9%| 99°4
Onetail, a 0.10 Q.Q5 0.025 0.01 0.0IH
Two tails, o 0.20 0. 10 0.05 Q.07 0Q1
30 i8 6.314 31.R2 63.637
T.fB6 2.920 6.964 9.923
T.6B S3 3.1B2 4.541 - 0.025- 0.95 *-0.025 -=-
1533 32 3./4) 4fTH
1476 2015 2.571 3.365 4.032 ;
I 440 1.943 2447 3.143 3.70 Do notreject
1405 1.B9 2.365 2.99R 3.499 Reject
2.B9% 3.,55
2R2 —
1.3-2 1BI2 3.169 1
T.k3 1.7% 2.118 3.10fi 0
1356 1.7B2 2,179 2.681 3.055
1%0 1.771 2.160 2.68 3.012
1.345 1.76 1 2.624 2.97
1341 1.783 2.602 2947
IM 1.746 2.120 2.5B3 2.921
B3S 1.740 2.567 2B9B
1130 1.34 2.101 2.552 2R7B
1,328 L72R 2.539
1.125 I 2.524 2 R4
I 1.721 2.08f1 2.51 2.831
1.M1 1.717 2.074 2.508 2119
1.319 1214 2.059 2.50C 2.807




Testing Hypothesis — Example

Height (X) Weight(Y)

For the Given data:

)

: L 60 110
Estimate the regression line from the
following data of height (X) and Weight o0 13>
60 120
(Y)
62 120
62 140
Test the hypothesis that the height and 62 130
weight are independent. 62 135
64 150
64 145
70 170
70 185

70 160



Testing Hypothe

Step 1

Stat the hypothesis.

f_{g : f =.0 (Thereis NO slop. There is NO linear relationship.)
H,: [ # 0 (There exist linear relationship)

Step2
We set the level of significance (alpha) a = 0.05

Step
The test-statistic (formula) to be used is:

b-B,
~ S.E(b)

t

t follows t-distribution with degree of freedom df = n-2




60

60
60
62

62
62

62
64

64
70

70
70

Computation

110

135
120

120
140

130
135

150
145

170
185

XX
3600
3600
3600
3844
3844
3844
3844
4096
4096
4900

4900

YY
12100
18225
14400
14400

19600
16900

18225
22500

21025
28900

34225

XY
6600
8100
7200
7440
8680
8060
8370
9600
9280
11900
12950

160 4900 iiiii i i iiﬂ




What we need to calculate?

Step 4

Do necessary computations from data and solve the formula using
these values.

p = NEXY -G XOEY)
A XX -~(Exy




Let’s do calculations

Step 4
, _nIXY —EXN)EY) WY eisgo) — (766 )(1700) /o %D

EXQRT @ (90s) - )’ s

a = ?—bf=(§;§) —(S_gl}(_%éjr —"794/ =

S(V =F) =SY? — a3Y — bEXY = Ypkteo — (< 11%4){ne0) ~ €. 03) (0 13%0)
S -! n}lg.élﬂ

S(X-X) =IX?— Xy

2
= 44p Lk — C_74_‘13 = /76 ¥
n )

—



Let’s do calculations

Step 4
_— y—-¥)2 | Us-6o CRa
e n-2 |2~2 *
174 ,
o . _ __Svx :956?___‘15(3?3-0}3
bTEx-X? e T
. 5 0% 0O
* ¢ =ua _ Pt - & gf}
- 8.7°S

Colodahed value = 689



Critical Value from t-table

Step 5 : Find the 0.05 column in the top row and 16 in the left-hand column.
Where the row and column meet, the appropriate critical value is found.

Confidence
intervals 80% 90% 95% 98% 99%
One tail, & 0.10 0.05 0.025 0.01 0.003
d.f. Two tails, a 0.20 0.10 C0.05 0.02 0.01
1 3078 6314 12.f06 31821 63.657
2 1.886 2.920 4403 6.965 9.925
3 1.638 2353 3]s 4.541 5841
4 1.533 2.132 2.176 3.747 4.604
5 1.476 2015 2471 3.365 4.032
o 1.440 1.943 2447 3.143 3.707
7 1.415 1.895 2465 2.998 3.499
8 1.397 1.860 24pe 2.896 3355
1.383 1.833 i i 2.821 3.250
Cw ) i b % 2.764 3.169
1.363 1.796 2 2.718 3.106
12 1.356 1.782 2.179 2681 3,085
13 1.350 1.771 2.160 2.650 3012
14 1.345 1761 2.145 2.624 2977
15 1341 1753 2.131 2.602 2.947
16 1337 1.746 2.120 2.583 2.921
17 1333 1.740 2.110 2.567 2.898
18 1330 1.734 2.101 2552 2878
19 1.328 1.729 2.093 2.539 2861
20 1.325 1.725 2.086 2.528 2.845
21 1.323 1.721 2.080 2518 2.831
2 1321 1717 2.074 2.508 2819
3 i 1.319 1.714 2.069 2.500 2.807



Decision Rule

—0025 —| < ( \ >|o—0025 —e
/ Donct eelec: \

!
0

Step 5

Conclusion and Summarizing:

Since the computed value of t=6.89 falls in the critical region, so
we reject the null hypothesis and may conclude that there is
sufficient reason to say with 95% confidence that height and
weight are related.



An other example — Do yourself

In linear regression problem, the following sums were computed
from a random sample of size 10.

F-_-_‘_\_‘_"‘-\—\_

————

XX =320,XY =250, X* =12400, ZXY =9415and XY* = 7230

Using 5% level of significance, test the hypothesis that the

population regression coefficient, B is greater than 0.5.
- —

Hint: 1,: B 7 oS
; #D'Béﬂ-g




Hy: f O
H,: B > 0(Given claim)
T

=
est formula =t = S—B"-
b
e . _ Syx
5™ JEX=-X7

Hint

Jz(y—?)z JZYZ—a):Y—bZXY
Syx = =

n—2

(EX)

n

(=X =¥ -

b=

nY XYy -C XY

nx x? = X)?



=

VAW N

Summary

Remember the all hypothesis-testing situations using the
traditional method should include the

Test Value = (Observed rolue) —(Expected value)

Standard error

State the null and alternative hypotheses and identify the
claim.

State an alpha level and find the critical value(s).
Compute the test value.

Make the decision to reject or not reject the null hypothesis.
Summarize the results.



TTTTTT



Get Ready ...

*Check mic position
*Check resolutionsize

*Check pen
*Say something....
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Statistical Inference about
Regression

Using the t-test for hypothesis testing of
— the intercept of regression line



hat is intercept of regression line?

* The Y intercept of a straight tine is simply where the line

crosses (cut) the Y axis.

2 = bX
P e YE@

——— el -
| X

* |n the above diagram the line crosses the Y axis at 1.

 So the Y intercept is equal to 1.



Can you tell?

*What is intercept of the givenline?




Difference between Population &

-

*» Population Regression « Sample Regression

.

a+pX+¢

=
——

Y=a+bX +e
f‘:‘h_ﬁ_’ - - -

* el



Hypothesis Testing — General
Procedure

— e

Procedur~ able

p 1
Step 2
Step 3
Step 4
Step 5

miving Hypothesis-Testing Problems [Tradrhﬂnal Mathnd]

State the hypothese

Find the ::nﬂ_cﬂ value(s) from the appropriate table <
Compute the test value. o

Make the decision to rejam:t_ or not reject the null hypothesis.

Summanze the results.

(0



Testing Hypothesis — Example
ERIOETDE

* Forthe Given data:

65 a5
50 74
* Test the hypothesis that 55 76
65 90
Hy: a =32against H, : a # 32 - =
70 87
65 94
70 98
55 81
70 91
50 76

55 74



Testing Hypothesis — Example

Step 1
Stat the hypothesis.
B, : o =32
Hy: a#32
Step 2
We set the level of significance (alpha) @ = 0. 01 (1%)
Step 3 |
The test-statistic (formula) to be used is: 7,5 1/ = \Ubserved " ~ (Expected value)
_ a-a, Standard error
 S.E(a)

It follows t-distribution with degree of freedom df = n-2



What we need to calculate?

Do necessary computations from data and solve the formula using these

values. !/_7__1_.,-, A yoaaly

I = H_ﬂr“ﬁ\-—\ Gilea 7
S.E(a)
/T p - REXY -COEY)
5E{3:| 54 —5'5.?‘1,: ] H'IE,{I;—X! “EJ{I—(EE}E
V(¥ — *P} "“"-'Erﬂ aE:—’ bY XY
SH’ & n-— 2
a= Y —(b

:  (ZXy

M

X -X)Y =X



65

50
55
65

55
70

65
70

55
70

50
55

Computation

85
74
76
90
85
87
94
98
81
91
76

XX
4225
2500

3025
4225

3025
4900

4225
4900

3025
4900

2500

7225

5476
5776
8100
7225
7569
8836
9604
6561
8281
5776

XY
5525
3700
4180
5850
4675
6090
6110
6860
4455
6370
3800

74 3025 iiii iﬁii




Let’s do calculations

Step 4

, _NIXY —(EX)QEY) _ w(Cregsy— () ron) S e
HE;’:E — (EX)E & t[’hh'}-ﬂﬁ x [:ha:]l ED?E

a=V —bX = L% \-les W) ) - 30,0

S(¥ —F) =¥ —aS¥ —bEXY = t§ 105 —(0.05) (o) ~ (0114 (@1 685)

2
2 g )
(X -X) =X - (EX) o qas £-—-' - (72 YA
i bl




Let’s do calculations

Step 4

s(r-7)2_ [ ree :
Srx J n-—2 -1 '

EE
S.E{E:I:Ea =5}:_EJ%+W L (.L?Il'il)\};r'i """{-L-é-.'_“:l_.t_l-—;l_‘}—--_- | L !
elL. 1/}
L To.a8l - T
 pl— - To = —_.a_._ . S 'j{?

S,E{El:] fi LI.'}



Critical Value from t-table

Step 5 : Find the 0.01 column in the top row and 10 in the left-hand column.
Where the row and column meet, the appropriate critical value is found.

Confidence

intervals BD %% b L™ 95%
One tail, o 010 | B.0s 023

d.. Two tails, o 0.20 0nin 0D.05
I J0TE 6314 12,706
2 1. E8& 2.920 4303
3 1.638 2353 1182
4 1.533 2.132 2.776
p- 1476 2.015 23571
i 1 AL 1943 2447
7 | 415 1894 2368
. 1.397 1. 860 23006
1.383 1.833 | .26
1.363 1.796 2201

i 1.356 1.78d 2.1
13 1.350 LT 2160
14 1.345 1.761 2.14%
15 1.341 1.753 2.131
16 1.337 1,746 2.120
17 1.333 1.740 2.110
18 1.330 1.734 2. 100
1% 1.328 1.729 2.093
20 1325 1.72% 2 086
| 1323 1.721 2.080
7 1.321 L.7L7 <074

I3 1319 | 1.714 | 2.069



Decision Rule

Step 5

S SRR

Conclusion and Summarizing:

Since the computed value of | =-0.169 does NOT fall in the
critical region, so we DO NOT reject the null hypothesis.



An other example — Do yourself

In_lismear regression problem, the following sums were computed from
a random sample of size 10.

=220 59==750. LY’ =12400, XY =9415and Y * = 7230
Y =4.04+0.655X
(Y -Y) =53.175
(X -X) =2160

g=5% Tevel of significance, test the hypothesis that the intercept of
regression line, a is zero.

Y int:

AN\ / )



Hyt o = ﬂgiven claim)
Hyt a0
T

o
!

Test formula = =

é}_£4+ 0.655X

_nExr-EXCEY
— NLXEXFE -

1 X
S.E{H}= '5'11 —_ SFxJ;'I‘ m

JE(FM?)E J}:yz— aYY —bY XY J“T"‘
Syx = = « ) —

B n—>2 n—2

ﬂ a= ¥ —bx~" 0%
(ZX)’

H

Y(X-X)Y =ZX*-




Remember the all hypothesis-testing situations using the
traditional method should include the

; (Observed value) — (Expected value)
Test Value =

Standard error
I:;.L-—:___-D F ﬁ{':'i"l = # ﬁ::‘::: o

1. State the null and alternative hypotheses and identify the
claim.

2. State an alpha level and find the critical value(s).
3. Compute the test value. .-
Make the decision to reject or not reject the null hypothesis.

Summarize the results. o Med N

-———'_'_-_._.-
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Statistical Inference about
Simple Correlation

Testing hypothesis that the population correlation
coefficient pis equal to some specified value
other than zero



Hypothesis Testing — General
Procedure

Procedure Table

Solving Hypothesis-Testing Problems (Traditional Method)

Step 1 State the hypotheses and identify the claim.

Step 2  Find the critical value(s) from the appropriate table

Step3 Compute the test value.

Step 4  Make the decision to reject or not reject the null hypothesis.
Step 5 Summarize the results.



Sample Correlation e Population Correlation
Coefficient Coefficient

o 7

e Greek small letter “p
(rho)

o7
I

e English letter



Two Cases

Testing Population

Correlation Coefficient p

I—I—I

p =10
T-Test

VL EQ

p = pg = Some Specified Value
£-|est



5me Main Points

Problem: Sampling distribution of “r” is
__,F"_‘;x - —
— Neither normal-

— Nor becomes approximately normal for large sample size

 Solution: Do Transformation:

Old variable = new variable

" " 1+r
ST — Z,=1.1513log —

1—r



Testing formula
: po

(Observed value) - (Expected value)

Test Value =
- Standard error

- U

A
1

=1

S fn - 3
W here,
1+ r
Zle-lﬁlfilngl_r i
1+ p

_=1.15131og

1—-p



Testing Hypothesis — Example

e Arandom sample of 28 pairs from a
bivariate normal population showed a
correlation coefficient of 0.7.

e |s this value consistent with the
assumption that the correlation
coefficient in the population is 0.5?



Testing Hypothesis — Example

Stat the hypothesis.
Hy: p=05 (Given claim)
Hy: {xoS5

We set the level of significance (alpha) @ = 0. 05 (5%)

et ; | Observed value) - (Expected uglue)
The test-statistic (formula) to be usedis: Ty /iy = I€)

P = il = e
.

Standard error

— It is z-test.



Calculations

Given:r =0.7, p=0.5 and n = 28

1+ 0.7

Z; =1;1513 16 —D—l 1513 lo =1.1513 log —
) ®1-07 03

Z,=1.1513 ;ag(ﬁ,ﬁﬁ =1.1513 '5_'51-3_52,)=‘3L-§E—=

M, =1.1513 lﬂg

- &S
= .tk (n.h"l']lj -

15!.'*,[,;. nrng B L.ﬁ;gh\lﬁ

=

1.7



Calculating log Value

k] Calculator (Eg‘g

- = =]
View Edit Help

o

[ | Lo | v | [0 ][ |

il
BEnRne
[+ ] )6 Jie Jfos)
LG
o =)

Windows calculator

Calculator

Edit_ Help

¥x

FIImHmungllﬁi 0

tanh tan

LHI"_vH " H ( || ) ||'—|| = || ¢ H _H v |

||_\ ]

W tEditHeip
Standaid Alt+1
Op  Seignific Alp#2 e‘
Programmer S e —
Statistics At e || we || ws || e || e |
Histary CiriH :| |?| |T‘ ‘_ _'
Digitgrouping  E— 1 1 1 _
@ Basic Ctrl+F4 . |L|| ~ H - | -
Unit conversion Ctrl+U s H_| |j‘ H l/x
Date caleultiiom  Cirl+£ T’ ’T‘ ’T‘ |7 |:‘
Y;ln:c:rkfheﬁ;” (=== | H s ‘
= [o] Calculator T 0 Ui,
View Edit Help
log(3)
%} ‘ ©.47712125471966243729502798325512
M= M—-‘ I @ Degrees (| Radians () Grads H MC || MR H MS H M= H M- ]
| Lo JLon S J[ 0 J[e= ]l e J[= ][ v ]
llntls'mh sin||x2||n!|l7‘|8||9”/|%
| s s fostal| Zn]] + ™ 5 1| & s mllsaind
= [ = |[nn][ean ][ |[#x][ 1 Z!!E'[]‘_‘

[Tt %

% % % to Il IR




Calculations

Now we have: r = 0.7, n=28, Z, = 0.87, Hy = 0.55

e ——

E:;—ﬁz
Jn—3
- b #ji)f" o QIR LS
i{ 18-S 1|‘/ﬁ‘l{5r
=5
A
) 2"0}0}”‘



Frequently used ZCritical Values

I°lypotksais Testing =0.10.CV. = =128
wd Cnt’icalValues Hoim= k| 005 CV =165
Him< k| 2001 CV ==222

=010 CV = +1
Hyip = k u-ﬂ'.l-g. :‘:’ ;+ 28
H-:_u.)k E

(B)RIy6t-\slis6 0

a <0101V, = =1 858

P @t iig?




Decision Rule
Compare Calculated value with Table Value

Step 5

S,

R

Conclusion and Summarizing:

Since the computed value of z = 1.60 does NOT fall in the critical
region, so we do not reject our null hypothesis and may conclude
that the given claim is correct.



When p # 0, then distribution r::f "r" is>
— Neither normal . -
— Nor becomes normal on large sample -+~

iff H"'

* We transform into a new variable which is distributed normally
Hence we can use to for testing.

Its I_*_'[_E”_;L

Eﬁthe testing procedure is same.



The END



Get Ready ...

*Check mic position
*Check resolutionsize

*Check pen
*Say something....
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Statistical Inference about
Simple Correlation

Zsting hypothesis that the population

correlation coefficient pis equal tozero




Hypothesis Testing — General
Procedure

Procedure Table

Solving Hypothesis-Testing Problems (Traditional Method)

Step 1 State the hypotheses and identify the claim.

Step 2 Find the critical value(s) ﬁum-‘the appropriate table

Step3 Compute the test value.

Step 4  Make the decision to reject or not reject the null hypothesis.
Step 5 Summarize the results.






Two Cases

Testing Population
Correlation Coefficient p

p = pg = Some Specified Value
£-lest




Some Main Points

fmpling distribution is NOT symmetry BUT it is
nteresting to note that when p =0, then its symmetrical.

Above make it possible to use the t-test.

T-test can be applied for any sample size

hat does it means No: p =0
There is NO linear correlation between twovariaifles




Testing Hypothesis — Example

e A random sample of 20 pairs of
observations gives a coefficient of 0.45.

e Test the hypothesis at the 0.05 level of
significance that the correlation
coefficient in the population is zero.



Testing Hypothesis — Example

Stat the hypothesis.
Hy: p=0 =(Thereis NO linear correlation between two variables)
Hi:px0

fﬁ’fe@
l\h-— We set the level of significance (alpha) & = 0. 05 (5%)

g ary r"l'il !-"l'll-'ll': -, : ': ; I_;r!'-'ul _:IIIIII ;
The test-statistic (formula) to be used is: 71, ;I-”_.!I,E:mbsew- )~ (Expected vatg

«f'—z Standard errar
' =
\/ ] — r°

It foNows t-distribution with degree of freedom df = n-2

F o —



Calculations

t = t-Calcuated Value=2.14



Critical Value from t-table

Step 5 : Find the 0.05 column in the top row and 18 in the left-hand column.

Where the row and column meet, the appropriate critical value is found.

dllIE

Cnnfidencc
intervals B0% 9% 959, 98, S S
One tail, o 0.10 0.05 0.025 0.01 0.005
df. Too tails, n R20 0.10 Coos) 0.02 0.01
I 30 8 6.314 12. 06 31.Pzl 65557
i.éaa 2.920 4.103 5.9s3 9.925
3 1,638 2.353 3R 4.541 5.841
4 1.533 2.132 2.76 3. /4 4.£i04
5 1476 2.01S 2.7 3.365 4.032
& 1.440 |.943 2.47 3.143 2.70
7 |.415 1.a95 2. |65 2.99g 3.499
8 1397 |.B6N 2. |06 2.aSS 3.351
9 1.383 1.833 2.|62 2.R2\ 7750
10 13i2 1.BI2 2.[25 2. /64 3.1
11 1,3b3 |.796 27101 z.>1B 3.10d
12 13la |.7g2 2,79 2.681 3.055
12 Ino 1.771 2. 60 2.d5f1 3.012
14 1.345 1761 2, |45 2.624 2.97
15 1.341 1.253 2,31 7£102 2.947
1d 1Za< 1.74fi 2 2 583 2.921
' 333 1.740 5 2.5€7 2.898
¢ 23832 2.R78
t I 1.729 z 2539 2.861
20 1325 1.728 Z.eas 2.528 2.RA6
21 1323 1.721 20an 2.518 2.831
22 1.321 1.717 7074 2.508 2.519
23 1319 12 14 2.069 2.500 2.807




Decision Rule
Compare Calculated value with Table Value

Step 5

Conclusion and Summarizing:

Since the computed value of | =2.14 falls in the critical region, so
we reject our null hypothesis and may conclude that the
correlation coefficient in the population differ from zero.



It is similar to test the ....

va reis ND III'IEEII' correlation between two variables.

— The two varlables are INDEPENDET

* Ho:B=0
— There is NO linear correlation between two variables.
— The two variables are INDEPENDET



When en distribution of “r” is symmetry. Therefor
we can use t=fe

The formula is:

Testing H,: p =0 is equivalentto testH,: B =0

T-test can be applied to any sample size.




The END



Regression & Correlation Analysis

How to fit a Second Degree
Parabola line?

Setting up Normal Equations



Shape of equations/data ...

AL

Ay
I J:QTEWH:?ET&{@

E _'_@r h d{‘fﬁﬁ_i ﬁ,‘!ﬁw_ﬁf S? H:;’l‘ QJ‘BFL{ gy
yffm -'—‘:'i{_ f/ﬁr]@ggﬂ“




Normal Equations?

Jormal equations are equations obtained by
setting equal to zero the partial derivatives of
the sum of squared errors (least squares)

e This is a technique for computing coefficients
for equations

e |t finds the regression coefficients analyticedly



How ta make Normal Equations ...

Y:@#b){ Y=a+bX +cX’

G
_~The normal Equations are .....

(Y =a+bX) >YY =na+bTX
N
XY =aX +b X" S YIXY =a> Y +hY X




How to make Normal Equations ...

Y = a—|—bX+cX2

gl
ﬂ R L“/
Th{nﬁprﬂal Eqﬂatmns are .

t{/aﬂrbff+c){2 e DY = "ML -+-E’Zjﬁ1~@£;ﬁf‘
y [ 2 ;
XCY ”+hf’f'+ﬂ}<') e XY =alxthbyx + CLX

|'
L

i 3 ~ ;I
Xl(l;:H+bX_l_ﬁXE) 'ZXEY= :‘ﬁhl‘f\ﬁt’?j.\/{ __]l._l—-”{'l—~\/\



Test your Knowledge ...

Can you find normal equation for the following equation ?

Y=a+bX+cX +dX°
L)l/f P'i_»' '/f\if I'\r”'r’h\uj

¥ FY = ”19+JE3‘TL{>{ TAX

LAy

o TXYV = alx+bix 4 L dw 5 d;x



- The
END -



Regression &Correlation Analysis

How to fit a Second Degree
Parabola line?

Procedure and step by step
calculation with example



How to fit a Second Degree Parabola?

Example:

Fit a second degree parabola to the following data, taking X as
independent variable.

1
1.8
1.3
2.5
6.3

W N -, O



Equation of Second Degree ...

Y=a+b X $0X v

The normal Equations are .....

oYY =na+bEX+cxXx’ v What we need..?
LY A LK

o IXY =aXX +bEX+cEX T sy o
LA K

o XY = aEX? 40X 42Xt | LX) &K
Ak



Required Calculation

v~ - v
m
0 1.0 0 0 0

st L

1 1.8 1.8 1 1.8 1 .

2 1.3 2.6 4 5.2 8 16

3 25 7.5 9 225 27 81

4 6.3 25.2 16 100.8 64 256
Tcrtalﬁ B glﬁ T3] 50 /50 | se 7S
S x| | (3.3



Substituting the values in the normal Equations..... \-/

/LY =na+ X 40 X"

‘*’ 2XY =axX +bx X *+cZXC

N ZX?Y =aZX? +bZ X’ +cZX*



H' i

Solve these equation to eliminate

,12.9=5a+10b+30c —(1
/' 37.1=10a+30b+100c — &>

)

/' 130.3=30a+100b+354c =)

fﬁHt\Mﬁ (D)) ) ~ alaﬁul“ T
#@ W@”?uta 2 ond  fudbod e

\? ?7L f = I’f":,-ﬁ_-'r rﬂl,_’::fl_;_f"ma, &~




Now, Solve these equation to eliminate “b”

11.3 :(:£B+40c )
19=1 54c — (&)

= M S — _llliili
s 5 - [c=d.55
2 L =—r2 & 53 2 T ]




Now, put value of “b” and “c” in Eq...1

12.9 =5a+10b+30c —{) \._.
F\«# e w!:a#({ G 2L s ug/

s YoF [© (;{.D?J‘f‘l gh(ﬂ }Fﬁj
o B §a =JoE wlh]




So by solving three normal equations simultaneously, we
are able to find the values

a= {-L(Z
b: ——(Djll
c= 0-S5

Y=a+bX +cX° l

12 e - [OFX +& >5 X

Cod plted 2. Olg



Just for fun ... Graph of this equation




Recap

Decide Set Normal

Given Data Equation Equations

Solving NE Table
simultaneously Calculations

Final Equation




- The
END -



Test1...2...3

*Mic/Audio test
*Screen Area test
*Pen test



Regression & Correlation Analysis

How to Find the Standard
Deviation of Regression
lecture 12

It is also called Standard Error of
Estimate



Basic Idea

e observed values of (X, Y) do not fall on the
regression Line but scatter away from it.

e The degree of scatter (dispersion) of the
observed values about the regression line is
measured by a method/formula.

e |tis called standard deviation of regression
e |tisalso know as “Standard Error of Estimate”




Visual Seen ...




Fgr population data * For sample data

—

[ = —

ki )
2(} - }?}..
T . = ]I

ey N

Formula ...

S




Example

Example:

* Find the values Dfll" ”fr

* Find the reatdualvalllea ugtr
* Showthat S(yY-¥)=0

* Compute the standard error of estimate =

l —F!

m:nm|

12
13
15
16
17

! =i

16
19
23
28
36
41

45
50



Fitting regression line

You can do it by yourself ...



Finding y

5 I 16 1.47+2.83

, = /5§ &35
- 19  1.47+2.83(6)= /%.46
8 23 )
10 28 —
12 36 L
13 41 -
15 44 S
16 45 P
17 50 v

\



o

Residual values and showing 2(}’ Y)=0

I::'-L.:'

_'.I‘l.--—l'_p-dl'_"'Il

=
6
8
10
12
13
15
16
17

15
23
28
36
41
44
45
50

15.63 16—15.63= & 3 ¥
18.46 19-18.46= O 5 ,51
412 B8 2L = .
2978 2% - 2N = o lIE
35.44 e 5
38.27 273
43.94 0 -a7
46.77 {2
49.60 : T 40

1. )= 0

\ = i
! A .

— i
|



Showing Standard rror

10
12
13
15
16
17

19
23
28
36
41
44,
45
50

15.63
18.46
24.12
29.78
35.44
38.27
43.94
46.77
49.60

0.38
0.54
-1.12
-1.78
0.56
2.73
0.07
-1.77
0.40

SUM =

0.14
0.30
1.25
3.17
0.31
7.44
0.00
3.12
0.16

15.89



Formula ...

f rd i
i ||'.-" 1



Recap

Given Data Flndsand Find Y Hat
S d
Final Value qtare an (Y —Y hat)
simplify



- The
END -



Test1...2...3

*Mic/Audio test
*Screen Area test
*Pen test



Regression & Correlation Analysis

How to Find the
Standard Deviation of

Regression
lecturel2

Example with formula



Example #2

Example:

* Compute the standard error of estimate

20
24
36
32
28
38
32
26

-

280
360
450
420
400
500
475
320

A

-

| P

.



Formula for Standard Error...

|
\] ’«‘:'“mjﬂ Ff_—\"x
i /ﬁj,ﬁ- )
,_;3;_‘;,{.5-'1’ . ._."'. F eve. oop v
.\'.?—JL{} 1) _ _ﬂ}} f.r}]' bEX] J"{{

n—2 v

So \//
A hi"i{r-ftﬁ “j M—"J’ 5 = a4 f

{5 .=

o R T

o ™\ /
, -

| y Y, y

: \’}} —ar )y —HrX] A P :

: = I -~ i 118

j’_-_, n_:l: |:l.__ | I! e ) B
e Li
o [0y oo A ]
5 f /r’






Required Calculation

78400
2 24 360 8640 576 129600
3 36 450 16200 1296 202500
2! 32 420 13440 1024 176400
-] 28 400 11200 784 160000
6 38 500 19000 [444 250000
7 34 475 16150 1156 225625
3 26 320 8320 676 102400

Total 238 3205 98550 7356 1324925



— From previous table we have:

n=8 _.-
2x=238 wr L e 3905 L—
XX . Ty 320
i 8 ”’gi — 400.62
v =3205 " i
¥ poIx 2B
T ="T496 'u"’f L # = |

2xp=58550 1~

— Now putting these values in “b™ and *“a”, and by solving,
we get:

Con(Zxy)—(Zx)NXy)  8(98550)—(238)(3205) 25610 [~

b ; , 1 <
(3’ ) —(Sx)’ 8(7356) — (238) 2204

I ———

a=y—-Dbx)=400.62-11.62(29.75) =|54.92

\




— Putting the values of “a™ and “b” in the equation,
we get:

B = 54.92 +11 62(x))



Using Formula ...

0\ -
L1 "

L™
o __, 3 T S o NS 8
By a3y - BLXY "
Sy = \’ s ; = i_ . ra=5492
o i / b b=11.62
g - YA
5 ﬂf" W |’ T ) -{J, b ,.'| (L' jjjg >y =3205
& — ;;,'IT il _.Ef i i
5 B "— G et = | [ Zy’ =1324925
i J G B | 5uymou850
7= jg?_*;{’ f =

e

N 7
- o S Fafl—~te
s 255 D



Recap

Given Data Findaand b

Remember
Formula

. PTV and
Final Value simplify the

formula




- The
END -



Test1...2...3

*Mic/Audio test
*Screen Area test
*Pen test



Regression &Correlation Analysis

Deciding the Type of Curve to fit

Which curve is suitable in which
situation



Lines/Curves comein
ifferent shapes

Linear Quadratic Cubic




Choosing the rightline...

Two Ways to
Check

Check By
Difference (Delta)

Check By Graph




Example #1

LUuestion:
Decide the suitable curve for the following data.

1 12
2 15
3 18

4 21



Llets do it ....

Solution:

Let, first we take its first difference as below and
see whether it is constant or not?

= #
o G
—y AN -
L3 ]

1 12\ Jae————— o

2 @ 15-12= &

3 1si 18-15= 5
21

4 M—1E=
P z




Criteria for suitable curve

Some*Mmore rules:

e Ifthe FIRST DIFFERENCES of Y are approximately constant, use
a straight line

e |fthe SECOND DIFFERENCES of Y are approximately constant,
use a second degree order equation (parabola )

If the THIRD DIFFERENCES of Y are approximately constantese
8, third degree order equation



Criteria for suitable curve

Here are few rules:

e |fZhe FIRST DIFFERENCES of logY are approximately constant,
fise a exponential curve

e |fthe FIRST DIFFERENCES of log Y and log X are approximately
constant, use a Geometric curve

e \f the FIRST DIFFERENCES of reciprocals of Y are approximately
constant, use a third degree parabola




Example #2 ....

LUuestion:
Decide the suitable curve for the following data.

1 10
2 14
3 21
4 31

5 44



Lets do it ....

SOLUTION:

— we take its first difference

— and see whether it is constant or not?
— If not then go for second difference

9 & -
2 14 14-10= [, e
3 21 21-14= 7 ], _ 4
4 31 N2 |0 o T=2
5 44 44-31= [ﬂ (Beip =

o



Example #3 ....

Questton:
Suggest a suitable curve for the given data?

0 10
1 17
2 28
3 43

4 62



Remembe

: Straight,LLnE'ff*“’ "1 A~
Y=mn &Yf*

. ecrmdfl‘éegreehng (Also called Pgﬂ:gnla]

Q’—a+bX+£XB

* Third Degree Line |
Y=a+bX +cX*+dX’




Recap

Remember
Rules

Remaining
process is
same

Check First
Difference

Make equation
and estimate
values

If NOT
Constant,
check 2nd diff

Check other
rules, if
needed




- The
END -



Test1...2...3

*Mic/Audio test
*Screen Area test
*Pen test



Regression &Correlation Analysis

Deciding the Type of Curve tofit

Use graph to get the idea of suitable
equation



Lines/Curves comein
ifferent shapes

Linear Quadratic Cubic




Criteriaforsuitable curve

ere are few guidelines:

If the graph of the values of gives a straight line, use a
straightline.

It the graph of the values of X and Y gives a curve with only one
bend, use a second degree parabola.

If the graph of the values of gives a curve of the shapgof
reverse “S”, use a third degree parabola.




Criteria for suitable curve

Few more guidelines:

e |f the graph of the values of X and log Y gives a straight line, use
an exponential curve .

e |f the graph of the values of log X and log Y gives a straight line,
use a geometric or logarithmic curve .

e |f the graph of the values of X and 1/Y gives a straight line, use a
hyperbola curve.



Lets explore few ... Example

Cx oy
0

Luestion:

By plotting, which type of
line/curve is appropriate
for the data?

10
15
20
25

12
15

17
22
24
30



Lets Go To Excel....

un_t Home Insert Page Layout Formulas Data Review View Acrobat
g cut Calibri ‘i AKX =g © {rge Wrap Text General EE_J :fﬁdl Fricrmal ‘ Bad
q % . & —_— Conaﬁonal “Format
Format Painter - L EFAE  EMerge & Center - | $ o % | Tho 40 Formatting  as Table
Clipboard Font Alignment Numb er
ke
B D E F G - | ] K L
1 X y Straight line
2 0 12
302 15 y
4 10 17 35
5 15 22
6 20 24 30
7 25 30 25 /
9 /
15 _—

11 1D
12 5
13

0
15 0 5 10 15 20 25
17

19




Solution:

* If the graph of the values of
straight line, use a straight line .

Straight line ...

35

30 A
25 4

20

10 1

/ |

Y

20

gives a




Example #2 ....

Jueston -

Decide the suitable curve
2.4

for the following data. 1
3.2
5.6
9.3

14.6

o ui b W N = O

22.9



Second Degree Parabola ...
SOLUTION:

e |f the graph of the values of gives a curve with only
one bend, use a second degree parabola.

25

20 /

. /
. e




Example

Lluestton:
Decide the suitable curve
for the following data.

O 00 N OO U1 A WIDN B

20
23
23
21
18
27
35
42
38



Third Degree Parabola...
SOLUTION:

e |f the graph of the values of gives a curve of the shape
of reverse “S”, use a third degree parabola.

45

40 A\
35 /
30 /

7\

25

20 / \‘\//
15
10




Example #4....

Question: _

Suggest a suitable curve 0 32
for the given data? 1 47
2 65
3 92
4 132
5 190

6 275



Exponential Curve...

SOLUTION:

e |f the graph of the values of X and log Y gives a straight line,
use an exponential curve .

y logy
300 3
250 / 2.5
200 / 2 //
150 / 1.5 /
100 / 1
50 ,.--—-"""/ 0.5
0 0
0 1 2 3 4 5 6 ) 1 2 3 4 5




Remember

* Straight Line:
Y =a+bX

. Second Degree line (Also called Parabola)
Y = ﬂ+!’3X -|-:::X_"i

* Third Degree Line
Y=a+bX +cX" +dX .



Remember

}’ abX >>> logY =loga+ Xlogb

—

e ’ . B g (3K
Y = ae”* ]::»::a::» lagY loga+(bloge) X

L

-
) 'd-.-
uy S
- s
| — i i
= I } II'“

.' = -y, = il -_,e‘t.
/l/ | / !
? =g+ bX =y Y= a+ bX



Recap

Remember Rules Draw plot of data Observe the plot

If not clear picture,
draw some other
values

Also apply verify
from mathematical
tools

Graph only gives
you rough ideas




- The
END -



Regression & Correlation Analysis

Converting non-linear into linear
form

Some useful transformations to
convert non-linear equations into
linear form



NOn-lInear VS Linear

Nonlinear Linear
)
& ® ®
o % — o0 ®
®® ® o
® o Y @ o

-
-
-
E——




form

ransformation

Linear form

[
i P
= A4h




Non-lis€ar
orm

Trangformation

Linear form

H2

Y = ab”

Taking log on both sides,

by = L (w0



#3

Non-linear
form

l:a+bX

Y

Transformation

Tranform % only...

Linear form

Y'=a+bX




Non-linear },r . 1

form a + -‘E?X

Take Reciprocal / Tranform Y only...

]
/T_\ £A —rt'ln'ﬂ
|

i VP
"-\. -""'FI;.
e

ﬁl...' /

Transformation

Linear form }ﬂ =a -+ .bX



Non-linear
form

Transformation

Linear form

7l N b;“j
|“—‘1‘=£I - —

¥ Al
1




MNon-linear
form

Transformation

Linear form

Y =a+bX'




Non-linear
form

Transformation

Linear form

7/

Y =aX’ +bX

o i ]

e §

e 'I

— | Y'=aX+b |
L.__h_ ..a-'""f-.- B



Summary

Non-linear form Let/Suppose/Transformation Linear form
| Y=aX) Y =log¥. A=loga, X =logX"| _t Y =A+bX o
T=ab" | Y¥'=log¥,A=logaB=logb | .~ ¥ =4+BX
ot =t | masex

a+bX _ 4
s ¢
¥ | ¥
Y 14 X | 3 1+ X :
Y= a+bJ_ J }{‘=J)—i L Y =a+bX
Y=aX" +bY T 4 | Y =aX+b
¥ ol :




Recap

Given data
forms non-
linear

Reconvert
back to
Original form

Use some
transformation
rule

Fit the curve
on NEW
equation

Take log,
divide,
multiple etc

New equation
is linear now




- The
END -



Regression &Correlation Analysis

How to fit an Exponential Curve?
Lecture 14

Procedure and step by step
calculation with example



How to fit an Exponential Curve

Example:

Fit an exponentialcurve y — 4™ to data given below:

1.6
4.5
13.8
40.2
125.0
363.0

o TN ¥ B T S RN N R



Before we start ...

e What information you get from this graph?

400
350
300 /

250
200 /

150
100
h 4‘_1—/
0 T [ I [ I




Trans
=~

V — 40X
Y =ae”
Taking Ing on both sides...

¢ -
|1

rmation of given equation

i e

™

/ ﬂ}a‘x —~
e/ (ox)
]/57 P E \f“\ 1= Aty
0..{% At \Q\f\ Jj"'fﬁf‘ 1Tk




Just for fun ... Graph of this equation

Original data After Transformation
404 n
il
= / |
250 .LI-.' |
. g |
o |
| /
— |
' ' oo | i i ' '
1 2 3 1 5 3 ; 3 ; a . &
: i
_ RN



rmation of given equation



Now it is linear form—

A % =
= A+ BX

- y

\Y =a+hbX U

NL'\\5____3,‘5::_: — /L('
I
b ;,;(EXI J {ZX)(ZY )

ff

1’.'? I'

cgigy,@ykiig

b= -
" o= (@
s e

4= — [OX



Required (Ealculation
\ j ! )
I/ \J ﬁ’:{r ? }’{ Y i

1 5 : 1 0.0417 0.2041 -
2 4.5 0.6532 0.4267 1.3064 4
3 13.8 1.1399 1.2993 3.4196 b2
4 40.2 1.6042 2.5735 6.4169 16
5 125.0 2.0969 4.3970 10.4846 25
6 363.0 2.5599 6.5531 15.3594 36
21 - 8.2582 15.2914 37,1911 91

= =2 i fl?_ = <t 2
R e ¥ L NN N



B

B formula

C n(EXY") - (ZX)(EZY')
kv




A formula

S| > <
) N
[ _F (Vﬁr“. o~ ;
|L.||I.rr_..|1|r:uﬁ.u_|.|r.....||r:.[.1..| |H1Il|..1| ™ _.fu...v..ﬁ..........
e e F
- -
A k-1
.....l_..|.J.r:.-.,.,
N -
Lk |
X Ele
~D s g
TNl L
& 7 N Tlae
_ i B O
F ) ,fll B




Converting back ... e UK

H“j oy B = b(log e) T_

:.g=a;?rf—lﬂg(A) o 45 b ﬁ?(z 183 )
2 ﬂdl—’gﬂ Iff’mlj pETFE™ of e 3'(’13)

poesanel oy

o 01743




How to Use Windows Calculator

* For Anti—log
— Write value
— Then Press |10+

View Edit Help

* Forlog
— Write value

— Then Press }E

e e

View Edit Help

powten(-@.280%
0.52420300100846283029883547330796

;.i'ﬂiql'lﬂ “'Ihn..-' ».‘in_uHHr. LR 11 Iul-”ll-' |tnewm I-le

e (| || 0[] [ |||l || =]

tl[ ) |
| x"!l_nll-

& || oo

|[smn | [ v |[ 2 [ ][ 7 [/ 8 ][9] 4] %

-"”.‘F-‘I-

m || tanh mi|x‘_.'i’:_|'1

Ent
. dms | | cosh m”x’ _3"I|;_4_ 5 IE:-| * |Ei1f:,
2

l“‘h’l

Bp |m‘|lﬂ'

I F£ || Bxp hhuﬂuu'ilib 0 o (e L

log(2.7183)

0.43429738512450862955111480549396

us[ju- M




Hence the original equation ...

e
g,
||

\

\

||'| -t

III. o

-
el
|
\

g va]ucrﬁ&.,,ﬂ
}r — /M Cx" . i'-.u'l | __,—"X \
USeh ) # - jgwf
| ™ Lajll d’ffﬁ'-"“
n 1AV L
| ﬁ
- W/ O \ ’



Recap

Make suitable Get new

T PR Transformation equation

Do Table
Calculations

Final Equation Converted back




- The
END -



Regression &Correlation Analysis

How to fit an Exponential Curve?

Procedure and step by step
calculation with example |



How to fit an Exponential Curve

Example:

Fit an exponentialcurve y — 4 X" to datagiven below:

2.98
4.26
5.21
6.10
6.80
Tt

o bW N



Transformation of given equation

Iinear form (—.—) Linear form
yﬂﬁ

Y-‘ aX 7
How. , - |
‘Hnw 7 ‘
Taking Takinglog on both sides... |, lh ,J“‘J /
'I - "“ £ -,
[,jﬁ 7 v W L*ﬁ)( fﬂ .H W\/
7 V@ﬁ g = KX [} \ ijil - A
b \D“l (Y- | B & = LDE X | 'l : }i
{ =
("= fet B 8 s e



Now it is linear form ...

-
Ist normal eq / AL-
(Apply Zon't Y'=A+bX' I
: _ M‘g_ N ﬁwv,_{f }|"'J.-“1r'w-'lr*‘-n_.-
Ist normal equation: 2nd normal equation: d
(Apply Z on both sides) | (Multiply with X" and then
; - " Apply Z on both sides) ks
"1 k—ll.l : Ir“ h + |[ﬁ} ,: \II}"\ j -“f. , f / Lq s
1=MR DIy ax b
— —— 5 / \ |
.{I"' Vi’ L ;," ,?‘i' 4 . l"-{n'
| X' = B2



Reqmred Calculatlon '

1 98— 2.98 0.0000
5 zx‘ ’fx.zﬁ 4.26 0.3010 0.0906 0.1895

3 \/ 5.21 5.21 0.4771 0.2276 0.3420
’ 4 “;’a x\e\,m 6.10 0.6021 0.2625 0.4728
4 5 f 6.80 6.80 0.6990 0.4886 0.5819
> 6 f ?.5}\ 7.50 0.7782 0.6055 0.6809
6 — Totdl - 4.3133 2.8574 1.7749 2.2672

—

1 B / — h g
Total - [, 7 || 'l_ T ¥ R L X 2 X

s



Solving Normal Egs...find b

6
AR O - r’f??j A 'ft;’JrLj
| LT
§ F r I E I.'l r_?
BV =AEK + BE( XY ————~{ 7
II'-'.-"'-. J k{}{..; f,f_
> O [ O e Y
HHA+ b (28577




Now we put the Putting “b” ... get value of “A”

E [/ / — Now we put the value of b = 0.515 in Eq1 and solve as




Converting back ...

A=loga
— a = anti— log( A4)

f fos: By 2 Q|

= B Pf} |~5 [ A U _;|'I"] u'f.l
i \
R 1" |
(Ao i e | III.
el



How to Use Windows Calculator

* For Anti—log . qu’ 'I’o%

— Write value w;\ertEI\;Mue
— Then Press | 107 — Then Press \ log \
oo ol ) (e e )
|7 powten -8, 2805) | | 1ng@
H.5141935515@345183@1988354?33@?96: 8.434297385124508629551114805493
I B Degrees £ Radans () Gradk || M :'un us_fim |u| |§-|:|rg¢u-: " Radians Eudi| u-::_ MR || S || M. | M-
][ e Lo Jle= e ]l f[e Lo {1 fh [T ame[ a0 =]l e ] = ][+
oo [ on [ o [t ][ 7 1 8 ][ 9 ] £ ] i [ [ sn ][ |[ i ] 9 |[ 0] =
| .mln:nﬂi cos || x¥ i:".t._rl | B E_!. = 1."=| dms .nn:h-l m| x7 x| 4 || _E
eealimalioslidlall s 12 1 =l Ul Mo leslimlidiaall 1 2 12
FE || Bw || Mod|| os _ 0 - Nk _. L E,,|““,,




Hence the fitted equation becomes...

I
S
S

y

-
1
———
P ot
h
i ST
-

Il.h
f C LL'
’ P o "ll il --"'F
- lll i '||Il-?.-‘|f‘.ll_|‘-| i_._.l-‘-""_’-‘_"}l _T: Il_.- I_.ﬁ—F
) t L fmy il f 'E:I |:’|'
i 1)
A ! -
L



Recap

Given Data \WELG swtalgle Get ngw
Transformation equation

Solve Normal Egs
Final Equation Converted back and Do Table
Calculations




- The
END -



Regression &Correlation Analysis

How to fit a Reciprocal Curve?
Lecture 15

Procedure and step by step
calculation with example



How to fit a Reciprocal Curve

Explanation by Example. P
Example #1: o e )

.-"
Fit a reciprocal curve I }IT — -+ bXJtD data given below:

-\.
T _'_—FF

e -
- g ——




Given equation ...

T =" | A1 !-"'I.ﬂr!l:’
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As we already know- New form ...
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Required Calculation
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Hence the original equation ...

1
y
Futting valueof "a" and "b"

- = g + b X

)
1_ = (] %0 F] - ;H\ _] I e
Yy o] W
/
e o ; j
i :
: V0 Y (G e e b R



Recap

Make suitable Get new

T PR Transformation equation

Convert back, if Do Table
needed Calculations
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How to fit a Reciprocal Curve

Explanation by example:
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Hence the original equation ..
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